A* Search

A* is a widely used search algorithm in computer science, particularly for pathfinding and graph traversal problems. It is an informed search
algorithm that balances the need to find the shortest path (optimality) with the need to find it efficiently (speed).

Idea: avoid expanding paths that are already expensive

The Combined Cost Function

At the heart of the A* algorithm is the combined cost function f(n), which determines which node to expand next:

f(n) = g(n) + h(n)

Where:

d(n): The actual cost from the start node to the current node n.
h(n): The heuristic estimate of the cost from the current node n to the goal node. This is an estimate based on domain-specific
knowledge.

e f(n): The total estimated cost of the cheapest solution that passes through the current node nnn, combining both the known cost to
reach nnn and the estimated cost from nnn to the goal.



The A* algorithm efficiently balances the exploration of nodes by considering both the actual cost incurred so far and an estimate of the
remaining cost to reach the goal:

Role of g(n) (Actual Cost):

e  Accurate Path Cost:

o  The g(n) term ensures that the algorithm accounts for the real cost of reaching a particular node from the start node. This
means that paths that have lower cumulative costs are favored, helping to ensure that the algorithm does not choose paths that
are deceptively cheap in the short term but expensive overall.

e Accumulation of Costs:

o g(n)is calculated by summing the costs of all edges along the path from the start node to the current node n. As the algorithm

progresses, g(n) accumulates, representing the true cost of the path taken so far.

Role of h(n) (Heuristic Estimate):

e Guidance Toward the Goal:
o  The heuristic h(n) provides an estimate of the remaining cost to reach the goal. It guides the search process by directing it
toward nodes that appear closer to the goal, thus reducing the number of nodes that need to be explored.
e Influence on Efficiency:
o  The quality of the heuristic h(n) greatly affects the efficiency of the A* algorithm. A good heuristic (one that closely approximates
the true remaining cost) will speed up the search by focusing on the most promising paths. However, if the heuristic is poor, the
algorithm may end up exploring unnecessary nodes, reducing efficiency.



The Balance:

e  Optimality vs. Speed:

o  A* achieves a balance between g(n) and h(n) by combining them into the f(n) function. This combination allows A* to find the
shortest path efficiently by considering both the actual cost of reaching a node and an estimate of the cost to complete the
path.

o  The algorithm prioritizes nodes with lower f(n) values, effectively balancing exploration of new paths (guided by h(n)) and
exploitation of known paths (tracked by g(n)).

e Admissibility and Consistency:

o  For A* to be both optimal and complete, the heuristic h(n) must be admissible (never overestimating the true cost to reach the
goal) and consistent (ensuring that the estimated cost from any node to the goal is less than or equal to the cost of reaching a
neighbor plus the estimated cost from the neighbor to the goal).

It is not only looking at h, which is greedy best-first search. It is not only looking at g, which is a
uniform cost search
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Algorithm Steps

Step 1: Initialize the Open and Closed Lists

e Open List: This is a priority queue that contains the nodes to be explored. The nodes in the open list are sorted based on their
f(n)=g(n)+h(n) value, where g(n) is the actual cost from the start node to node n, and h(n) is the heuristic estimate of the cost from n to
the goal.

e Closed List: This is a set that contains the nodes that have already been explored and should not be revisited.

Step 2: Add the Start Node to the Open List

Initialize g(start)=0 because the cost to reach the start node from itself is zero.
Calculate h(start), the heuristic estimate of the cost from the start node to the goal.
Set f(start) = g(start) + h(start).

Add the start node to the open list.

Step 3: Repeat Until the Goal is Reached or the Open List is Empty

While the open list is not empty, perform the following steps:



Step 3.1: Select the Node with the Lowest f(n) Value

e Remove the node n from the open list that has the lowest f(n) value.
e If nis the goal node, the algorithm terminates, and the path is reconstructed from the goal to the start node by following parent pointers.

Step 3.2: Generate Successors

e  For each neighbor (successor) of the current node n:
o  Calculate g(neighbor) = g(n) + cost(n,neighbor), where cost(n,neighbor) is the actual cost to move from n to the neighbor.
o  Calculate h(neighbor), the heuristic estimate of the cost from the neighbor to the goal.
o  Set f(neighbor)=g(neighbor)+h(neighbor).

Step 3.3: Check if the Neighbor Should be Added to the Open List
° If the neighbor is already in the closed list, skip it.
e If the neighbor is not in the open list, add it and set the current node n as its parent.
e [f the neighbor is in the open list but the new path to it has a lower g(neighbor) value, update its g(neighbor) and f(neighbor) values and
change its parent to the current node n.
Step 3.4: Add the Current Node to the Closed List
° After all neighbors have been evaluated, add the current node n to the closed list to ensure it is not revisited.

Step 4: Reconstruct the Path

e If the goal node was reached, reconstruct the path by following the parent pointers from the goal node back to the start node.



Goodness of Heuristic Functions

e Admissibility
e (onsistency



Admissible Heuristics: Definition of Admissibility

A heuristic function h(n) is said to be admissible if it never overestimates the true cost of

reaching the goal from any node 1 in the search space.

Mathematically, this is expressed as:

h(n) < h*(n) for all nodes n

Where:

« h(n) is the heuristic estimate of the cost to reach the goal from node n.

« h*(n) is the actual cost of the optimal path from node n to the goal.



An admissible heuristic is Optimistic

Example: h. , (never overestimates the actual road distance)

What is most optimistic?

What will be the heights of optimism for the Node?

The Node will not need to search for the Goal (I am goal) as it is goal itself, right?

In other words, h will be equal to 0 if | am the goal, then the distance to myselfis 0.
So the most optimistic heuristic would be 0.

However, what would be the meaning of optimism? The meaning of optimism would be that the cost to
the goal is estimated as less than what it is. You feel that | will have to pay less cost. Then you end up
paying. That is the meaning of admissibility.

If, however, you are in a place where you want to make money and higher is better,
what is an admissible heuristic one that makes you believe that you will earn more, not
less.

Admissible heuristic is not always that “less is optimal”. It is less than or less than equal

to optimal for minimization problems, but it is greater than equal to optimal for a
maximization problem.

O O O O O



Theorem: If h(n) is admissible, then the Tree-Search version of A* is
optimal.

The interesting thing is that if it's the graph search A* version, then
admissibility is insufficient.

It is a necessary condition but not a sufficient condition.

When would the graph search version of A* be optimal?

New condition is needed called consistency



Consistent Heuristics (Triangle Inequality)

e h(n)is consistent if
o foreverynoden
o for every successor n’ due to legal action a
o h(n) <=c(n,a,n’) + h(n’) (triangle inequality)

"| h(n)
c(n.a,n’) ;
- h(n’)

e Every consistent heuristic is also admissible, i.e, consistency subsumes
admissibility
e Theorem: If h(n) is consistent, A* using Graph-Search is optimal.




Example: Graph-Search version of A* having Admissible Heuristics
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https://stackoverflow.com/questions/25823391/suboptimal-solution-given-by-a-search



https://stackoverflow.com/questions/25823391/suboptimal-solution-given-by-a-search

Proof of Optimality of A* (Tree Version)

We are trying to look at how to prove optimality for the A* algorithm when the heuristic is
admissible.

Assume h() is admissible

Say some sub-optimal goal state G, has been generated and is on the frontier and we are about
to remove it.

Currently, we have a start node § we are about to remove G, from the fringe.

We believe that the algorithm should finish, and we have found the optimal path.

Let us say that it is not the optimal path, i.e., there is another path which is the optimal path.
If it is another path, it would have it's goal node, so let us say the optimal goal now that we are
looking for is G.

And either G may be in the fringe or some other node to that path has to be in the fringe at
this point.

Let n be an unexpanded state such that n is on the optimal path to the optimal goal G.



Let us say that path is this one in the diagram, and let us say that we have to have some node in the fringe that

leads us to this goal G.

We chose to remove G, and not remove 7.
So if the algorithm was right, it should have removed n, but the algorithm tried to remove G,

That means, for some reason, the algorithm thought that G, was the right node to remove, which means its F
value of G, was less than the F value of n.

Srarr




Let's focus on G,

o f(G,)=g(G,) [since h(G,) = 0]
o g(G,)>g(G) [since G, is suboptimal]

Now focus on G,

o f(G)=g(qQ) [since h(G) = 0]
f(G,) > f(G) [substitution in above 3 equations]

Now let's focus on n,

e h(n)<h*n) [since h is admissible]

e g(n)+ h(n)<g(n)+h*n) [algebra]

e f(n)=g(n)+h(n) [by definition]

e f(G)=g(n)+h*n) [by assumption]

o f(n)<f(GQ) [substitution using f(G,) > f(G)]

Hence f(G,) > f(n), and A* will never select G, for expansion (therefore it is a contradiction)



Proof of Completeness

Theorem: A* is complete, meaning it will find a solution if one exists, provided the search space is finite and the heuristic h(n) is
admissible.

Proof:

e Assumption: The search space is finite, and the heuristic h(n) is admissible, i.e., h(n) < h*(n) for all nodes n, where h*(n) is the
true cost from n to the goal.

e  Proof by Contradiction:

o  Suppose A* is not complete, i.e., it fails to find a solution even though one exists.

o  This would imply that A* exhausts all nodes in the open list without finding the goal, which means the open list eventually
becomes empty.
For A* to fail, it must be the case that all possible paths to the goal have been pruned or ignored.
However, because the heuristic h(n) is admissible, A* will not ignore any potential path that could lead to the goal. The
admissible heuristic ensures that A* explores all feasible paths until the goal is found, as the estimated cost f(n) = g(n) +
h(n) will always lead A* to explore paths that can reach the goal.

e Conclusion: Since A* will eventually explore every possible path that could lead to the goal, it must find the goal if one exists,
proving that A* is complete.



Properties of A* Search

1.

Optimality:
o A* guarantees finding the least-cost path if the heuristic h(n) is admissible and consistent. This
means it never overestimates the actual cost to reach the goal.
Completeness:
o A*is complete; it will find a solution if one exists, provided there is enough memory to keep
track of all nodes.
Efficiency(Time):
o A* can be very efficient if a good heuristic is used, leading to fewer nodes being expanded
compared to uninformed search strategies. In worst case, all nodes are expanded.
Memory Usage(Space):
o A* stores all generated nodes in memory, which can lead to high memory consumption,
especially in large search spaces.



Advantages of A* Search

1. Optimality and Completeness: A* guarantees finding the optimal solution, making it a reliable
choice for many applications.

2. Flexibility: A* can be adapted with different heuristic functions to fit various problem domains.

3. Wide Applicability: It is widely used in pathfinding, game development, robotics, and various
optimization problems.

Disadvantages of A* Search

1.  Memory Intensive: A* can require significant memory to store all generated nodes, particularly in
large or complex search spaces.

2. Performance Depends on Heuristic: If the heuristic is poor or poorly tuned, A* can behave like a
breadth-first search, resulting in inefficient performance.

3. Computational Overhead: The overhead of calculating and maintaining g(n) and h(n) values can
add to the computational cost.



Heuristic Property: Dominance

Dominance occurs when one heuristic is consistently more effective than another in estimating the true cost to reach the goal. Specifically, a
heuristic h, is said to dominate another heuristic h, if, for every possible state n, the estimate provided by h,(n) is closer to the actual cost
h*(n) of reaching the goal than the estimate provided by h,(n).

Mathematically, this can be expressed as: h,(n) 2 h,(n) for all states n, and h,(n) is closer to h*(n) than h,(n).
Dominance and Admissibility:

1.  Admissibility of a heuristic means that the heuristic never overestimates the true cost to reach the goal (i.e., h(n) < h*(n) for all n).
o Ifh, dominates h,, and both heuristics are admissible, then h, is guaranteed to be more effective in terms of the search process,
as it will guide the search more directly towards the goal, potentially expanding fewer nodes.
2. Example of Dominance:
o  Heuristic Example:
m  Suppose we have two heuristics for a pathfinding problem on a grid:
m  h,(n) = straight-line distance from the current node to the goal.
= h,(n) = Manhattan distance (the sum of the absolute differences in the horizontal and vertical distances to the
goal).
m  Inthis case, h, might dominate h, because the straight-line distance is always equal to or greater than the Manhattan
distance (assuming all movements cost the same). Thus, h, gives a more accurate estimate of the true cost in a direct
path scenario.



Why Dominance Matters

Search Efficiency:

o  Using a dominant heuristic can significantly reduce the number of nodes explored during the search process, leading to faster

solution times and less computational effort.
Algorithm Performance:

o In practice, dominance is an essential property to consider when choosing or designing heuristics for a particular problem. A
heuristic that dominates others can make the difference between a search algorithm that performs efficiently and one that is
prohibitively slow.

Combining Heuristics:

o Insome cases, if h, dominates h,, a combined heuristic such as h(n) = max(h,(n), h,(n)) can be used, which still preserves

admissibility while benefiting from the best features of both heuristics.



Technical Description: Local Search

Local search is a type of optimization technique used to solve complex computational problems, particularly in large and combinatorial
search spaces where finding an exact solution might be computationally infeasible. Instead of exhaustively exploring the entire search
space, local search focuses on iteratively improving a single solution by making small, incremental changes, often referred to as
"moves." The goal is to find a solution that is better than the current one by exploring its "neighborhood."

1. Key Concepts of Local Search

1. Search Space:

o  The search space represents all possible solutions to a problem. In local search, the focus is on exploring a small
portion of this space around a current solution rather than attempting to traverse the entire space.
2.  Current Solution:
o  Local search begins with an initial solution, which can be generated randomly or through some heuristic method. This
solution is not necessarily optimal but serves as a starting point.



Neighborhood:

o  The neighborhood of a solution consists of all possible solutions that can be reached by making a small, defined change to the
current solution. The exact nature of this change depends on the problem being solved. For example, in a traveling
salesperson problem (TSP), the neighborhood might include all possible routes that can be created by swapping the order of
two cities.

Objective Function:

o  The objective function measures the quality or "fithess" of a solution. Local search algorithms aim to optimize this function,
either by maximizing or minimizing its value, depending on the problem.

Move:

o A move refers to the transition from one solution to another within its neighborhood. This is achieved by making a small change
to the current solution.

Termination Criteria:

o Local search algorithms typically terminate when a predefined condition is met, such as reaching a maximum number of
iterations, achieving a solution of acceptable quality, or when no further improvement is possible (a local optimum is reached).



State-Space Landscape
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A one-dimensional state-space landscape in which elevation

corresponds to the objective function. The aim is to find the global

maximum
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Objective Function: The vertical axis represents the objective function,
which could be a cost or reward function depending on the problem. The
goal of optimization is to maximize or minimize this function.

State Space: The horizontal axis represents the state space, which consists
of possible solutions or configurations in the problem domain.

Global Maximum: This is the highest point in the search space,
representing the best possible solution. The goal of many optimization
algorithms is to reach this point.

Local Maximum: A local maximum is a point where the objective function
reaches a peak, but it is not the highest point in the entire search space.
The algorithm can get stuck here, thinking it has found the best solution
when it hasn't.

"Flat" Local Maximum: This is a region where the objective function is flat
or constant over multiple states. It can prevent the algorithm from making
progress because it doesn't have a clear direction to improve the solution.

Shoulder: The shoulder is a relatively flat area on the way to the global
maximum. This flatness can temporarily deceive the algorithm into thinking
it's reached a local maximum, though improvement may still be possible.

Current State: The arrow starting from the current state shows the
algorithm's position in the search space. The image suggests that the
algorithm is currently at a local maximum or is stuck on a flat region,
potentially preventing it from reaching the global maximum.



Types of Local Search Algorithms

1. Hill Climbing

2.  Simulated Annealing



Advantages of Local Search

e Scalability: Local search methods can handle very large search spaces because they focus on a
small neighborhood around the current solution rather than attempting to explore the entire space.

e Simplicity: Many local search algorithms, like hill climbing, are conceptually simple and easy to
implement.

e Flexibility: Local search can be applied to a wide range of problems, including those where other
algorithms may be impractical due to the size or complexity of the search space.

e Efficiency: For many practical problems, local search can quickly find good (if not optimal)
solutions, making it useful in real-time applications where time is a critical factor.



Limitations of Local Search

Local Optima: Local search algorithms can get stuck in local optima—solutions that are better than
neighboring solutions but not the best overall. Overcoming this requires additional strategies, like
simulated annealing or tabu search.

No Guarantee of Global Optimality: Because local search focuses on improving a single solution
incrementally, it does not guarantee finding the global optimum unless the problem has a particular
structure that allows it.

Problem-Specific Design: The effectiveness of a local search algorithm often depends on the careful
design of the neighborhood structure and move operators, which can be problem-specific.

No Full Exploration: Local search does not explore the entire search space, so it might miss better
solutions located far from the current solution.



Hill Climbing




Hill Climbing is a type of local search algorithm used for solving optimization problems, where the goal is to find the best solution
according to an objective function. It is particularly useful for problems where the search space is vast and traditional exhaustive search
methods are computationally infeasible.

e Local Search Algorithm:

o In contrast to global search algorithms, which attempt to explore the entire search space, local search algorithms focus
on finding solutions by exploring the local neighborhood of a given solution. The term "local" implies that the algorithm's
perspective is limited to the immediate vicinity of the current solution.

e Mathematical Optimization:

o  Hill climbing is used in various mathematical optimization problems, where the objective is to either maximize or
minimize a specific function. These problems can range from simple linear functions to complex, multi-dimensional
spaces.

e lterative Process:

o Hill climbing starts with an arbitrary solution, which can be chosen randomly or based on a heuristic. From this initial
solution, the algorithm iteratively makes small changes, or "moves," to the solution. Each move involves evaluating the
neighboring solutions (states) and selecting the one that improves the objective function the most. This process
continues until no better neighboring solution can be found.

e Neighboring Solutions:

o  Aneighboring solution is one that is reachable from the current solution by making a small change. For example, in the
case of a numerical optimization problem, a neighboring solution could be obtained by slightly increasing or decreasing
the value of a variable.



Basic Idea of Hill Climbing

The name "hill climbing" comes from the metaphor of climbing a hill: just as a climber takes steps in the direction that leads upward to
reach the top of a hill, the algorithm takes steps in the direction that improves the objective function. The "hill" in this metaphor
represents the landscape of the objective function, where higher points correspond to better (higher) values of the function in the case
of maximization, and lower points correspond to better (lower) values in the case of minimization.

e Direction of Movement:
o  Maximization Problems: In these problems, the goal is to find the maximum value of the objective function. The
algorithm moves in the direction of increasing the function's value, akin to climbing up a hill.
o  Minimization Problems: Here, the goal is to find the minimum value of the objective function. The algorithm moves in
the direction of decreasing the function's value, which can be thought of as descending a hill or valley to reach the
lowest point.

e Local Optimum:
o  The algorithm stops when it reaches a point where no neighboring solution has a better value than the current solution.

This point is called a local optimum. It is important to note that a local optimum is not necessarily the best possible
solution (global optimum) but is the best in the immediate vicinity of the current solution.
e No Exploration of the Entire Search Space:
o Hill climbing does not attempt to explore the entire search space. Instead, it focuses on improving the current solution by
evaluating and selecting among its neighbors. This makes the algorithm efficient in terms of time and space, as it only
needs to consider a small portion of the search space at each step.



Hill Climbing Algorithm

1. Start with an Initial Solution

e  Objective: Establish a starting point for the algorithm.
e Process:
o Initial State Selection:
m  The algorithm begins by choosing an initial state or solution. This initial state can be selected in various ways:

m  Random Selection: In many cases, the initial solution is chosen randomly from the search space. This
randomness helps ensure that the algorithm starts from a diverse range of points if multiple runs are
performed.

m  Heuristic-Based Selection: Alternatively, the initial solution can be chosen based on some heuristic that
suggests a potentially good starting point. For example, in a scheduling problem, you might start with a
schedule that you know satisfies some key constraints.

e Importance:
o  The choice of the initial solution can significantly impact the algorithm's performance. A good initial solution may lead to
quicker convergence to an optimal or near-optimal solution, while a poor initial choice might result in the algorithm
getting stuck in suboptimal areas of the search space.



2. Evaluate the Objective Function

e  Objective: Measure the quality of the current solution.
e Process:

o  Objective Function Computation:

m  The algorithm evaluates the objective function at the current solution. The objective function is a mathematical
expression that quantifies how good or bad a solution is with respect to the problem being solved.
m  For Maximization Problems: The objective function's value is higher for better solutions. The goal is to
maximize this value.
m  For Minimization Problems: The objective function's value is lower for better solutions. The goal is to minimize
this value.
e Importance:
o  The objective function is central to the hill climbing algorithm. It determines the direction of the search by guiding the
algorithm towards better solutions.
e Example:

o Ifthe problem is to maximize a function f(x) = =x?+4x, and the initial solution is x=1, the objective function value would
be f(1) = =12+ 4(1) = 3.



3. Generate Neighboring Solutions

e  Objective: Explore the local area around the current solution to find potential improvements.
e Process:
o  Defining the Neighborhood:
m  The algorithm identifies all neighboring solutions. A neighbor is a solution that can be reached from the current
solution by making a small, defined change.
m  Neighborhood Definition: The definition of a neighborhood depends on the problem. For example:
m In a Numerical Optimization Problem: A neighbor might be a solution obtained by slightly increasing or
decreasing the value of a variable.
= In a Combinatorial Problem (e.g., TSP): A neighbor might be generated by swapping two cities in the
tour.
e Importance:

o  The size and structure of the neighborhood significantly impact the algorithm's effectiveness. A well-defined
neighborhood ensures that the algorithm can explore the search space effectively and avoid getting stuck in suboptimal
regions.

e Example:

o  For x=1, possible neighbors might be x= 0.9 and x=1.1. The objective function values at these neighbors would be

computed next.



4. Select the Best Neighbor

e  Objective: Choose the most promising neighboring solution.
e Process:

o  Evaluate Neighboring Solutions:
m  The algorithm computes the objective function values for all the neighboring solutions identified in the previous
step.
o  Best Neighbor Selection:

m  Among the neighboring solutions, the one that offers the greatest improvement in the objective function is
selected. This move ensures that the algorithm is always progressing towards a better solution.

m  For Maximization Problems: The neighbor with the highest objective function value is chosen.
m  For Minimization Problems: The neighbor with the lowest objective function value is chosen.

e Importance:

o  This step ensures that the algorithm makes the best possible move at each iteration, steadily improving the solution.
However, this greedy approach can sometimes lead the algorithm to get stuck in local optima.
° Example:

o Ifx=0.9yields a value of 2.81 and x=1.1 yields a value of 2.99, the algorithm selects x=1.1 as the next solution
because it has the higher value.



5. Move to the Neighboring Solution

e  Objective: Update the current solution to the selected neighbor.
e Process:
o  Transition to the New Solution:
m  The algorithm moves to the best neighboring solution selected in the previous step. This solution becomes the
new "current solution" for the next iteration.
o Repeat the Process:
m  The algorithm then repeats the process, starting from evaluating the objective function at the new current
solution, generating its neighbors, and selecting the best one.
e Importance:
o  This step ensures the algorithm is always progressing towards better solutions, provided such solutions exist in the
neighborhood.
e Example:
o  The algorithm updates the current solution from x=1 to x=1.1 and repeats the process from this new starting point.



6. Termination Criteria

e  Objective: Determine when the algorithm should stop running.

e Process:
o  No Improvement Found:
m  The most common termination criterion is when no neighboring solution improves the objective function. This

situation indicates that the algorithm has reached a local optimum—a solution that is better than all its
neighbors but may not be the best overall solution (global optimum).

o  Other Termination Criteria:
m  Maximum lterations: The algorithm stops after a predefined number of iterations, regardless of whether an

optimal solution has been found.
m  Threshold Value: The algorithm stops if the objective function value reaches or exceeds (for maximization) or

falls below (for minimization) a certain threshold.
m  Time Limit: The algorithm stops after running for a certain amount of time.

e Importance:
o  Proper termination criteria are crucial to ensure that the algorithm does not run indefinitely and that it finds a solution in a

reasonable time. However, it also determines how close the algorithm gets to the global optimum.

e Example:
o If the algorithm reaches a point where increasing or decreasing x no longer improves the objective function, it stops and

returns the current solution as the final result.



Algorithm

function HILL-CLIMBING( problem) returns a state that is a local maximum

current — MAKE-NODE(problem .INITIAL-STATE)

loop do
neighbor «— a highest-valued successor of current
if neighbor. VALUE < current. VALUE then return current.STATE
current < neighbor



Hill Climbing is Called Greedy Local Search

Focus on Immediate Gains: Hill climbing's "greediness" comes from its strategy of always selecting the
best immediate move that improves the current solution's value according to the objective function. It
makes decisions based on the current, local information without considering the global context or potential

long-term consequences.

Limited Perspective: As a local search method, hill climbing only explores the immediate neighborhood
of the current solution, further emphasizing its greedy approach by restricting its focus to nearby,
small-scale improvements.



Drawbacks of Hill Climbing

1. Stuck in Local Optima

2. Plateau Problem Plateau/Flat maximum

X

3. Ridges: Aridge is a narrow path of
optimal or near-optimal solutions
surrounded by regions of lower values.




Variants of Hill Climbing

%  Steepest-Ascent Hill Climbing
%  Stochastic Hill Climbing
%  First-Choice Hill Climbing:

%  Random-Restart Hill Climbing



Steepest-Ascent Hill Climbing

Steepest-Ascent Hill Climbing is a variant of the hill climbing algorithm that seeks to address some of the limitations of basic
hill climbing by systematically and comprehensively evaluating all possible moves (neighbors) before making a decision. This
approach ensures that the algorithm always chooses the most significant improvement available in the current neighborhood,
hence the name "steepest-ascent."

e Basic ldea:

o  Steepest-Ascent Hill Climbing is a local search optimization algorithm where the goal is to iteratively move
towards the best solution by making the steepest possible ascent (or descent in the case of minimization
problems) at each step.

o  Unlike the simpler "greedy" hill climbing that might choose the first neighbor that improves the objective function,
steepest-ascent hill climbing evaluates all neighboring solutions and selects the one that offers the greatest
improvement.

e Application:

o  This algorithm is useful in scenarios where the search space is relatively smooth and the best local decision at
each step is likely to lead towards the global optimum. It is commonly applied in optimization problems, including
numerical optimization, combinatorial optimization, and machine learning hyperparameter tuning.



Step-by-Step Process of Steepest-Ascent Hill Climbing

Step 1: Start with an Initial Solution

. Initial State Selection:
o As with other hill climbing algorithms, steepest-ascent hill climbing starts with an initial solution. This solution can be chosen randomly or based on some heuristic.
. Importance of Initial Solution:

o The initial solution serves as the starting point for the search. Its quality can affect the speed of convergence and the likelihood of finding a global optimum.
Step 2: Evaluate the Objective Function

. Objective Function:
o The algorithm evaluates the objective function for the current solution to determine its fitness or quality. The objective function is the metric that the algorithm seeks
to optimize (either maximize or minimize).
° Importance:
o The value of the objective function provides a baseline against which all neighboring solutions will be compared.

Step 3: Generate and Evaluate All Neighboring Solutions

° Neighborhood Generation:
o The algorithm identifies all possible neighboring solutions of the current solution. A neighbor is typically defined as a solution that can be reached by making a
small, specific change to the current solution.
o Example in Numerical Optimization: If the solution is represented by a vector of variables, a neighbor might be generated by slightly perturbing one of the
variables.
. Comprehensive Evaluation:
o Evaluate Each Neighbor: The algorithm calculates the objective function value for each neighboring solution.
o Compare Neighbors: After evaluating all neighbors, the algorithm compares their objective function values to determine which one offers the steepest ascent (or
descent).
. Importance:
o This comprehensive evaluation step is what distinguishes steepest-ascent hill climbing from simpler variants. By considering all possible neighbors, the algorithm
ensures that it is making the best possible move at each step, avoiding the pitfalls of making a suboptimal choice due to limited exploration.



Step 4:

Step 5:

Step 6:

Select the Best Neighbor

Best Neighbor Selection:
o  The neighbor with the highest improvement (for maximization problems) or the greatest reduction (for minimization problems) in the
objective function is selected as the next solution.
No Improvement Handling:
o If no neighboring solution is better than the current solution, the algorithm recognizes that it has reached a local optimum, where no
further improvements are possible within the current neighborhood.

Move to the Neighboring Solution

Update the Current Solution:
o  The algorithm moves to the selected neighboring solution, which becomes the new current solution. This move represents the steepest
possible ascent in the objective function based on the local neighborhood.
Iterative Process:
o The process then repeats from the new solution, with the algorithm generating and evaluating its neighbors, selecting the best one, and
moving again.
Importance:
o By always choosing the steepest ascent, the algorithm maximizes the likelihood of progressing towards the global optimum or, at the
very least, a better local optimum.

Termination Criteria

Local Optimum Recognition:
o The algorithm terminates when it reaches a point where no neighboring solution improves the objective function. This situation indicates
that the algorithm has reached a local optimum, and further exploration in the current neighborhood will not yield better results.
Alternative Termination Conditions:
o Maximum Iterations: The algorithm might stop after a predefined number of iterations.
o Objective Threshold: The algorithm could also stop when the objective function value reaches a certain target or threshold.



Advantages of Steepest-Ascent Hill Climbing

Systematic Exploration:

e By evaluating all neighbors, steepest-ascent hill climbing avoids the risk of missing a good move due to a hasty decision,
making it more reliable in finding the best possible local solution within the current neighborhood.

Efficiency in Smooth Search Spaces:

e  This algorithm performs well in smooth, well-behaved search spaces where local improvements consistently lead toward the
global optimum.

Fewer Local Optima Issues:

e  While still prone to local optima, the systematic approach reduces the chances of getting stuck early in suboptimal regions of
the search space.



Limitations of Steepest-Ascent Hill Climbing

e Computational Cost:
o  Evaluating all neighboring solutions can be computationally expensive, especially in high-dimensional search spaces
where the number of neighbors is large.
e Local Optima:
o  Despite its systematic approach, steepest-ascent hill climbing can still get stuck in local optima, particularly in complex,
multi-modal search spaces where the global optimum is not easily reachable from any local optimum.
e No Global Perspective:
o  The algorithm only considers local information and does not have any mechanism to escape local optima or explore
more distant parts of the search space.



Stochastic Hill Climbing

Stochastic Hill Climbing is a variant of the hill climbing algorithm that introduces an element of randomness into the search process.
Unlike traditional hill climbing methods, which deterministically select the best neighbor at each step, stochastic hill climbing randomly
selects a neighbor to move to, with a preference for better neighbors. This randomness helps the algorithm explore the search space
more broadly and potentially avoid getting stuck in local optima.

e Basic ldea:

o  Stochastic Hill Climbing modifies the standard hill climbing approach by introducing randomization into the selection of
the next move. Instead of always choosing the best possible neighbor (as in steepest-ascent hill climbing), stochastic hill
climbing may choose a neighbor that is not necessarily the best, based on a probabilistic criterion.

o  This approach helps the algorithm escape local optima by allowing it to explore less optimal regions of the search space
that could potentially lead to better solutions in the long run.

e Application:

o  Stochastic hill climbing is useful in scenarios where the search space is complex and contains many local optima. It is

often applied in optimization problems, particularly in domains like machine learning, game Al, and operations research.



Step-by-Step Process of Stochastic Hill Climbing

Step 1: Start with an Initial Solution

e Initial State Selection:
o  The algorithm begins with an initial solution, which can be selected randomly or based on a heuristic. The initial solution serves
as the starting point for the search.
e Importance of Initial Solution:
o  The quality of the initial solution can influence the speed and success of the search, but due to the random nature of stochastic
hill climbing, the algorithm is less dependent on finding a good initial solution compared to deterministic methods.

Step 2: Evaluate the Objective Function

e  Objective Function:
o  The algorithm evaluates the objective function at the current solution. This function measures the quality of the solution and
provides a basis for comparing neighboring solutions.
e Importance:
o  The objective function's value guides the decision-making process, helping the algorithm determine whether a move is
beneficial or not.

Step 3: Generate Neighboring Solutions

e Neighborhood Generation:
o  The algorithm identifies neighboring solutions by making small changes to the current solution. The definition of a neighbor
depends on the problem being solved.
e Importance:
o  The structure of the neighborhood impacts the algorithm's ability to explore the search space. A well-defined neighborhood
allows the algorithm to consider a diverse set of potential moves.



Step 4: Select a Neighbor Stochastically

° Stochastic Selection Process:

o Unlike deterministic hill climbing, which selects the best neighbor, stochastic hill climbing selects a neighbor randomly. However, this selection is often biased
towards better neighbors—those that improve the objective function.
o Probability Distribution: The likelihood of selecting a particular neighbor can be determined by a probability distribution. For instance, neighbors that offer greater

improvements might be selected with higher probability, while less favorable neighbors are less likely but still have a chance of being selected.
o Example Probability Distribution:
[ ] A common approach is to assign probabilities based on the difference in objective function values. For example, if one neighbor has a significantly better
objective function value than others, it might be assigned a higher probability of being chosen, but others are not entirely excluded.
° Importance:
o The stochastic nature of this step allows the algorithm to explore the search space more freely, reducing the risk of getting stuck in local optima. It also introduces a
level of unpredictability, which can be beneficial in complex landscapes.

Step 5: Move to the Selected Neighbor

° Update the Current Solution:
o The algorithm moves to the selected neighboring solution. This solution becomes the new current solution for the next iteration.
° Iterative Process:
o The process then repeats, with the algorithm generating new neighbors, selecting one stochastically, and moving to it.
. Importance:
o By continuously moving to new solutions, the algorithm explores the search space in a non-deterministic manner, which can help in finding better solutions that
might be missed by more rigid methods.

Step 6: Termination Criteria

° Termination Conditions:
o The algorithm can terminate under several conditions:
] No Improvement: If after several iterations no significant improvement is found, the algorithm may stop.
[ ] Maximum Iterations: The algorithm stops after a predefined number of iterations.
[ ] Time Limit: The algorithm stops after a certain amount of computational time has passed.
u Objective Threshold: The algorithm stops if the objective function reaches a desired target value.
° Importance:
o Proper termination criteria ensure that the algorithm does not run indefinitely and can provide a solution within a reasonable time frame.



Advantages of Stochastic Hill Climbing

Escaping Local Optima:

e  The primary advantage of stochastic hill climbing is its ability to escape local optima. By allowing moves that are not strictly the
best, the algorithm can explore regions of the search space that deterministic hill climbing might overlook.

Broad Exploration:

e The random selection process enables the algorithm to explore the search space more broadly, potentially leading to better
overall solutions.

Simplicity and Flexibility:

e  Stochastic hill climbing is relatively simple to implement and can be easily adapted to different types of optimization problems by
adjusting the probability distribution for selecting neighbors.



Limitations of Stochastic Hill Climbing

Potentially Slower Convergence:

e  Because the algorithm may sometimes choose suboptimal moves, it can take longer to converge to a solution compared to
deterministic methods. This slower convergence is the trade-off for potentially escaping local optima.

No Guarantee of Global Optimum:

e Like other hill climbing methods, stochastic hill climbing does not guarantee finding the global optimum. It may still get stuck in
local optima, especially if the search space is highly irregular or if the probability distribution is not well-tuned.

Dependence on Probability Distribution:

e The effectiveness of stochastic hill climbing can heavily depend on how the probability distribution is defined. Poorly chosen
distributions may lead to ineffective exploration or excessive randomness, reducing the algorithm's efficiency.



First-Choice Hill Climbing

First-Choice Hill Climbing is a variant of the hill climbing algorithm designed to balance between the thoroughness of steepest-ascent
hill climbing and the efficiency of simple hill climbing. In this approach, the algorithm randomly generates neighboring solutions and
selects the first one that offers an improvement over the current solution. This method is particularly useful when the neighborhood of
each solution is large, and evaluating all neighbors would be computationally expensive.

e Basic Ildea:
o  First-Choice Hill Climbing combines elements of randomness and greediness. Instead of systematically evaluating all

neighbors or choosing the best one from a pre-generated set, the algorithm evaluates neighbors one by one in a random
order. It accepts the first neighbor that improves the objective function, which makes it faster than steepest-ascent hill
climbing while still capable of escaping local optima more effectively than simple hill climbing.
e Application:
o  This algorithm is useful in large search spaces where generating and evaluating all possible neighbors is impractical. It
is often applied in optimization problems where quick, incremental improvements are desirable without the need for an

exhaustive search at each step.



Step-by-Step Process of First-Choice Hill Climbing

Step 1: Start with an Initial Solution

° Initial State Selection:
o The algorithm starts with an initial solution, which can be chosen randomly or based on some heuristic. This initial solution serves as the starting point

for the search process.

° Importance of Initial Solution:
o The initial solution influences the starting position in the search space and can affect the speed and effectiveness of the algorithm. However, because

of the randomized nature of neighbor selection, the algorithm is relatively robust to different starting points.
Step 2: Evaluate the Objective Function

° Objective Function:
o The algorithm evaluates the objective function at the current solution to determine its quality or fitness. The objective function quantifies how good or

bad the current solution is with respect to the problem's goals.

° Importance:
o The objective function provides the baseline for evaluating neighboring solutions. Improvements are determined by comparing the objective function

values of the current solution and potential neighbors.
Step 3: Generate and Evaluate Neighboring Solutions One by One

° Neighborhood Generation:
o The algorithm generates neighboring solutions of the current solution by making small, specific changes. These changes define the neighborhood
around the current solution.

° Randomized Evaluation:
o Random Selection: The algorithm does not generate all neighbors at once. Instead, it generates neighbors one at a time in a random order.

o Immediate Evaluation: Each time a neighbor is generated, the algorithm immediately evaluates its objective function value.

° Importance:
o This randomized, one-by-one approach allows the algorithm to find an improving solution without the need to exhaustively evaluate all neighbors. It

saves computational resources, particularly in large search spaces where the number of neighbors can be very large.



Step 4: Select the First Improving Neighbor

° Immediate Selection:
o The algorithm selects the first neighbor that offers an improvement over the current solution. Once a better neighbor is found, the search stops
evaluating other neighbors and moves to this new solution.
° Greedy Acceptance:
o The acceptance criterion is greedy in nature: the algorithm only accepts moves that improve the objective function. This ensures that each move is a
step towards a better solution.
° Importance:
o By selecting the first improving neighbor, the algorithm quickly progresses towards better solutions without wasting time on unnecessary evaluations.
This makes it faster than methods that evaluate all neighbors but still capable of finding good solutions.

Step 5: Move to the New Solution

° Update the Current Solution:
o Once a better neighbor is found, the algorithm moves to this new solution. This new solution becomes the current solution for the next iteration of the
algorithm.
° Iterative Process:
o The process repeats from this new solution, with the algorithm generating new neighbors, evaluating them one by one, and moving to the first one
that improves the objective function.
° Importance:
o This step ensures that the algorithm is always progressing towards better solutions, while the randomized approach allows it to explore the search
space in a flexible manner.

Step 6: Termination Criteria

° Local Optimum Recognition:
o The algorithm terminates when it can no longer find a neighbor that improves the objective function. This indicates that a local optimum has been
reached, where no further improvements are possible within the current neighborhood.
° Alternative Termination Conditions:
o Maximum Iterations: The algorithm might stop after a predefined number of iterations.
o Objective Threshold: The algorithm could also stop if the objective function value reaches a certain target or threshold.
o Time Limit: The algorithm might stop after a certain amount of computational time has passed.



Advantages of First-Choice Hill Climbing

Efficiency:

e  First-Choice Hill Climbing is more efficient than steepest-ascent hill climbing because it does not require evaluating all

neighbors. By stopping as soon as an improvement is found, the algorithm reduces the computational burden, especially in
large search spaces.

Escape from Local Optima:

e The randomized nature of the neighbor selection process helps the algorithm escape local optima. By not always selecting the
globally best neighbor, the algorithm can explore more diverse areas of the search space.

Simplicity and Flexibility:

e The algorithm is straightforward to implement and can be easily adapted to various types of optimization problems. Its flexibility
comes from the randomization in neighbor selection, which can be adjusted based on the problem's requirements.



Limitations of First-Choice Hill Climbing

Potential Suboptimal Choices:

e  Because the algorithm selects the first improving neighbor rather than the best possible neighbor, it may make suboptimal
moves. This could lead to slower convergence to the optimal solution or settling for a less-than-optimal solution.

Still Prone to Local Optima:

e  Although more flexible than simple hill climbing, First-Choice Hill Climbing can still get stuck in local optima, particularly if the
search space is highly irregular or contains many deceptive local peaks.

Dependence on Randomization:

e The performance of the algorithm can be sensitive to the randomization process. Poorly designed randomization may lead to
inefficient exploration or excessive cycling between similar solutions.



Random-Restart Hill Climbing

Random-Restart Hill Climbing is a variant of the hill climbing algorithm that seeks to overcome one of the most significant limitations
of basic hill climbing—getting stuck in local optima. This method enhances the standard hill climbing approach by running the algorithm
multiple times from different random starting points in the search space. The idea is that if one run gets stuck in a local optimum,
subsequent runs from different starting points may find better solutions, potentially leading to the global optimum.

e Basic ldea:
o  Random-Restart Hill Climbing is a meta-algorithm, meaning it wraps around the basic hill climbing algorithm. Instead of

relying on a single run of hill climbing, which might get trapped in a local optimum, the algorithm runs hill climbing
multiple times from different randomly chosen initial solutions. The best solution found across all these runs is then
chosen as the final solution.

e Application:
o  Random-Restart Hill Climbing is useful in optimization problems where the search space is complex, with many local

optima. It is widely used in problems like function optimization, neural network training, and combinatorial optimization,
where finding the global optimum is crucial.



Step-by-Step Process of Random-Restart Hill Climbing

Step 1: Choose the Number of Restarts

e  Determining the Number of Restarts:
o  Before starting the algorithm, decide how many times the hill climbing algorithm will be restarted. This number can be fixed or
adaptive, depending on the problem's complexity and the computational resources available.
o  Fixed Number of Restarts: Predefine a specific number of restarts based on experience or trial-and-error.
o  Adaptive Restarts: Continue restarting until a satisfactory solution is found or until computational resources (e.g., time) are
exhausted.
e Importance:
o  The number of restarts balances the trade-off between search thoroughness and computational efficiency. More restarts
increase the chances of finding the global optimum but also require more computational time.

Step 2: Start the First Hill Climbing Run

e Initial Random Solution:
o Randomly select an initial solution from the search space. This solution serves as the starting point for the first run of the hill
climbing algorithm.
e  Run Hill Climbing:
o  Perform the standard hill climbing algorithm starting from this initial solution. The algorithm will iterate through generating and
evaluating neighbors, selecting the best one, and moving to it until a local optimum is reached.
e Importance:
o  The first run establishes a baseline solution. Even if this solution is not globally optimal, it provides a starting point for
comparison with solutions found in subsequent restarts.



Step 3:

Evaluate and Record the Result

Objective Function Evaluation:
o Once the hill climbing algorithm converges to a local optimum, evaluate the quality of this solution using the objective function.

Record the Best Solution:
o Keep track of the best solution found so far. If this solution is better than any previously recorded solutions, update the best solution.

Importance:
o Recording the best solution ensures that the algorithm can ultimately return the best possible result found across all restarts.

Repeat for Additional Restarts

Subsequent Random Solutions:
o For each subsequent restart, choose a new random initial solution from the search space.
Run Hill Climbing Again:
o Perform the hill climbing algorithm from this new starting point, allowing it to find another local optimum.

Evaluate and Record:
o  After each restart, evaluate the resulting solution and update the best solution if necessary.

Importance:
o Multiple restarts increase the algorithm's coverage of the search space, reducing the likelihood of missing the global optimum.

Termination Criteria

Fixed Restarts:
o If the algorithm is using a fixed number of restarts, it will stop after the predefined number of runs. The best solution found across all runs

is returned as the final solution.

Adaptive Restarts:
o If the algorithm is adaptive, it may stop when a satisfactory solution is found or when a predefined computational budget (e.g., time or

iterations) is exhausted.

Importance:
o Proper termination criteria ensure that the algorithm provides a solution within a reasonable time while maximizing the chances of finding

the global optimum.



Advantages of Random-Restart Hill Climbing

e Increased Probability of Finding Global Optimum:
o By running hill climbing multiple times from different starting points, Random-Restart Hill Climbing significantly increases
the chances of finding the global optimum, even in complex search spaces with many local optima.
e  Flexibility:
o  The algorithm can be adapted to different problem complexities by adjusting the number of restarts. It can be fine-tuned
to balance between thoroughness and computational efficiency.
e Simplicity:
o  Random-Restart Hill Climbing is straightforward to implement. It leverages the simplicity of the basic hill climbing
algorithm while adding a layer of robustness against local optima.



Limitations of Random-Restart Hill Climbing

Computational Cost:

e  Running the hill climbing algorithm multiple times can be computationally expensive, especially if each run requires significant
time or if many restarts are necessary to find a good solution.

No Guarantee of Global Optimum:

e  While Random-Restart Hill Climbing increases the chances of finding the global optimum, it does not guarantee it. If the search
space is vast or highly complex, even multiple restarts may not be sufficient to find the best solution.

Dependence on the Number of Restarts:

e  The effectiveness of the algorithm heavily depends on the number of restarts. Too few restarts may lead to poor performance,
while too many may result in unnecessary computational overhead.



Core Components of Simulated Annealing

Energy Function (Cost/Objective Function)
The Energy Function (often called the Cost Function or Objective Function) represents the quality or fithess of a solution.

e  Definition:
o  The energy function assigns a value (or "cost") to each possible solution in the search space.
o  Lower energy values represent better solutions, and higher energy values represent worse solutions.
e Rolein SA:
o  SAuses the energy function to evaluate how good or bad a solution is. The algorithm attempts to minimize this function,
just as a physical material seeks to minimize its energy state during annealing.
e Example:
o Inthe Travelling Salesman Problem (TSP), the energy function could be the total distance traveled. The goal would be
to minimize this distance.



Temperature (T)
The Temperature (T) controls the algorithm’s willingness to accept worse solutions.

e Initial High Temperature:
o At the start of the algorithm, the temperature is high, which means that the system can explore freely by
accepting both better and worse solutions.
o  The probability of accepting a worse solution is determined by the equation:

p(aB) - op (27

where AE is the difference between the current solution and the new solution.

o If AE is positive (i.e., the new solution is worse), there is still a chance that the solution will be accepted,
especially when T is high.
e Decreasing Temperature:
o As the temperature decreases, the algorithm becomes less likely to accept worse solutions. Eventually,
when the temperature is near zero, the system only accepts better solutions.
e Intuition:
o At high temperatures, the algorithm explores more of the solution space (including suboptimal solutions).
o Atlow temperatures, the algorithm focuses on refining the best solution found so far.



Cooling Schedule
The Cooling Schedule determines how the temperature is decreased over time.

e Cooling Function:
o  The cooling schedule specifies the rate at which the temperature decreases as the algorithm
progresses.
o  Common cooling schedules include:

e Linear Cooling: T' = Ty — ak, where k is the iteration number.
« Exponential Cooling: T = T} - o*, where o < 1 is a constant.

e Logarithmic Cooling: T = To L where k is the iteration number.

log(1-+k)
e Choosing the Right Cooling Schedule:
o Aslow cooling schedule provides more time for the algorithm to explore, increasing the chances of
finding a global optimum but at the cost of longer runtime.
o Afast cooling schedule may lead to quicker convergence, but the system might miss the global
optimum and get stuck in a local minimum.



The Simulated Annealing Algorithm

1. Initialization Phase

e Initial Solution:
o  The algorithm begins with a randomly selected initial solution from the solution space. This solution is often
generated arbitrarily, but it should belong to the set of all possible solutions for the given optimization problem.
o Example: In the Travelling Salesman Problem (TSP), an initial solution might be a random order of visiting cities.
e Initial Temperature (T):
o The algorithm sets an initial temperature (T ), typically high, to allow for broad exploration of the solution space.
The high temperature enables the algorithm to potentially accept worse solutions early on.
o  The initial temperature is a key hyperparameter that influences the initial exploration phase.

2. Generate a New Solution (Neighbor Selection)

e Neighboring Solution:
o  From the current solution, a new neighboring solution is generated by making a small, random perturbation or
modification to the current solution.
o  The neighboring solution should be similar to the current one, ensuring that the search progresses gradually rather
than making large jumps in the solution space.
o Example: In the TSP, a neighboring solution could be generated by swapping the order of two cities in the current
route.



3. Evaluate the New Solution

e Energy Function (Objective Function):
o  The quality of both the current and new solutions is evaluated using the energy function (also known
as the cost or objective function).
o  The energy function represents the quality of the solution—lower values represent better solutions.
e Energy Difference (AE):
o Compute the energy difference between the current solution and the new (neighboring) solution:

AFE = Enew — Ecurrent

e Interpretation of AE:

o If AE < 0, the new solution is better (lower cost) than the current solution.

o If AE > 0, the new solution is worse (higher cost) than the current solution.



4. Acceptance Criteria

Better Solutions (AE < 0):
o If the new solution has a lower cost (i.e., AE < 0), it is immediately accepted as the current solution.
o This ensures that the algorithm always moves toward improving solutions when they are found.
Worse Solutions (AE > 0):
o If the new solution is worse than the current solution (i.e., AE > 0), it can still be accepted based on

a probability: o
P(AE) = exp (#)

Explanation:

m The probability of accepting a worse solution depends on both the temperature (T) and the
energy difference (AE).

m At high temperatures, this probability is higher, allowing the algorithm to explore the solution
space freely. At low temperatures, the probability of accepting worse solutions decreases,
making the algorithm more selective.

This mechanism allows SA to escape local optima by occasionally accepting worse solutions, especially
in the early stages when the temperature is high.



5. Update Temperature

e Cooling Schedule:
o After evaluating and accepting (or rejecting) the new solution, the temperature is reduced
according to a predefined cooling schedule. The cooling schedule dictates how quickly or slowly

the temperature decreases over time.

Types of Cooling Schedules:

1. Linear Cooling:
T=T,—ak
o ais a constant cooling rate.
o The temperature decreases linearly with each iteration.
o Suitable for problems where a steady decrease in temperature is desired.

2. Exponential Cooling:
T=T, o

e qis a constant between 0 and 1.
e The temperature decreases exponentially with each iteration.
e This cooling schedule allows for faster cooling in the later stages of the algorithm.



3. Logarithmic Cooling:

Tp
=
log(1+ k)

 The temperature decreases more slowly, especially in the early iterations,

allowing for thorough exploration of the solution space before converging.

¢ Logarithmic cooling ensures a more controlled, gradual reduction in temperature

and is more computationally expensive.

e Selection of Cooling Schedule:
o The choice of cooling schedule depends on the nature of the problem. Faster cooling schedules
(e.g., exponential) might be used when quick convergence is desired, while slower cooling
schedules (e.g., logarithmic) might be preferred for more thorough exploration.



6. Termination Criteria

e Freezing the System:
o The process continues until the system is "frozen," which typically means the temperature
approaches zero (or becomes very low), effectively stopping the acceptance of worse solutions.
At this point, the algorithm is highly selective and only accepts better solutions.
o  Another common termination criterion is to stop the process when no significant improvement is
observed over a number of iterations.
e Convergence:
o The algorithm is said to converge when no further improvements can be made, or the
temperature has decreased to a point where the solution has stabilized.
o The solution at this point is either the global optimum or a near-optimal solution.
e Stopping Conditions:
o The algorithm can also terminate based on:
m A maximum number of iterations.
m A predefined time limit.
m The difference between consecutive solutions becoming negligible (indicating
convergence).



The Simulated Annealing algorithm

function SIMULATED-ANNEALING( problem, schedule) returns a solution state
current <—problem.INITIAL
forr=1toedo
T < schedule(t)
if 7 = 0 then return current
next <—a randomly selected successor of current
AFE + VALUE(current) — VALUE(next)
if AE > 0 then current < next

else current +— next only with probability e AE/T



Applications of SA

In addition to the well-known applications like the Travelling Salesman Problem (TSP), job scheduling, neural network
training, and VLSI design, Simulated Annealing (SA) has a wide variety of other applications in artificial intelligence (Al) and
related fields. In addition to the well-known applications like the Travelling Salesman Problem (TSP), job scheduling,
neural network training, and VLSI design, Simulated Annealing (SA) has a wide variety of other applications in artificial
intelligence (Al) and related fields. Below are additional applications where SA has been effectively used:

Feature Selection in Machine Learning:.

Hyperparameter Tuning in Machine Learning

Reinforcement Learning Policy Optimization

Al for Game Playing (Game Theory)

Clustering in Data Mining

Path Planning in Robotics

Genetic Algorithm Hybridization

Computer Vision: Image Segmentation

Protein Folding in Bioinformatics

Autonomous Vehicle Navigation

Al for Financial Portfolio Optimization

Spatial Layout Design (Architectural Optimization)

Circuit Routing in Electronic Design Automation (EDA)

3D Object Recognition



Why Simulated Annealing Works in These Applications

Flexibility in Handling Non-Convex and Complex Objective Functions:

e Many real-world problems, especially those in Al, have non-convex objective functions with multiple
local optima. SA is well-suited for such problems because it doesn't just move to better solutions but
also explores worse solutions, helping to avoid local optima.

Works Well in Large, Combinatorial Search Spaces:

e In problems like TSP, job scheduling, and VLSI design, the solution space is vast and highly
combinatorial. SA’s ability to explore large portions of the search space by accepting suboptimal
moves early in the process helps it find global or near-global optima efficiently.



Limitations and Challenges of Simulated Annealing

1. Slow Convergence
2. Sensitivity to Cooling Schedule
3. Not Ideal for Small-Scale Problems

4. Difficulty in Parameter Tuning



Potential Solutions to These Challenges

e Hybrid Algorithms:

o Combine SA with other optimization techniques (e.g., genetic algorithms or tabu search) to
take advantage of SA’s exploration capabilities while using faster algorithms for local
exploitation.

e Adaptive Cooling Schedules:

o Implement adaptive cooling schedules that dynamically adjust the temperature based on the
performance of the algorithm. For example, if improvements are happening rapidly, the
schedule can slow down the cooling rate.

e Parallelization:

o One way to speed up SA and improve exploration is to use parallelization. Multiple instances
of the algorithm can explore different parts of the solution space simultaneously, helping to
identify promising areas more quickly.



Genetic Algorithm




Why Genetic Algorithms?

Among the different evolutionary algorithms, Genetic Algorithms (GA) stand out due to their heuristic-based
approach, which makes them robust, flexible, and applicable across a wide variety of optimization problems.

Key Features of Genetic Algorithms:

1.

Population-Based Search: Unlike deterministic algorithms (e.g., greedy or local search), GAs work with a
population of solutions rather than a single candidate. This increases the chance of exploring diverse
areas of the search space, leading to more global solutions.

Stochastic Nature: GAs employ stochastic operators (e.g., crossover and mutation) that introduce
randomness, allowing them to explore areas of the search space that might be overlooked by
deterministic methods.

Adaptability: GAs can be applied to both discrete (e.g., job scheduling) and continuous (e.g.,
minimizing cost functions) optimization problems. They are especially well-suited to problems where the
search space is large, complex, or poorly understood.

Handling Large Search Spaces: GAs are effective when the problem has a large number of possible
solutions (combinatorial explosion) or a non-linear and multi-modal landscape. For example, GAs can
handle problems where the number of potential solutions grows exponentially with the size of the input,
such as the traveling salesman problem (TSP).



Why Use GAs Over Traditional Methods?

e Not Dependent on Gradient Information: Unlike algorithms like gradient descent, GAs do not
require derivatives or gradient information, making them useful for non-differentiable, discontinuous,
or noisy objective functions.

e Global Optimization: GAs are often used in cases where global optimization is desired, as they are
less likely to get trapped in local optima compared to traditional optimization methods.

e Robust in Multi-Objective Problems: GAs can handle problems with multiple conflicting objectives
by maintaining a diverse set of solutions, potentially finding trade-offs (Pareto optimality).



How Genetic Algorithms Mimic Nature

Genetic Algorithms (GAs) simulate the process of natural evolution to search for optimal or near-optimal solutions to complex problems. Here’s
how GAs mimic the biological processes of evolution:

Chromosomes, Genes, and Populations in GAs:

e Chromosomes (Solutions): In GAs, a chromosome represents a potential solution to the optimization problem. Just like in biology,
chromosomes consist of genes, where each gene represents a variable or decision within the problem domain.
o  Example: For a scheduling problem, a chromosome might represent a complete schedule, and each gene would represent a

specific task's time slot.
e  Genes (Variables): In biological systems, genes are units of inheritance. In GAs, genes are the individual elements that make up a

solution (chromosome). Each gene typically represents a value or decision variable in the problem being solved.
o  Example: In a traveling salesman problem (TSP), each gene could represent a specific city in the route.
e Population (Set of Solutions): A population in GAs is a collection of chromosomes (candidate solutions). This population evolves

over successive generations, mimicking the process of evolution.
o  The size of the population can affect how thoroughly the search space is explored: a larger population increases diversity but

comes with a higher computational cost.

Fitness Function:

e Just like in nature, where organisms with beneficial traits are more likely to survive, in GAs, each solution (chromosome) is evaluated
based on how well it solves the optimization problem. This is done through a fitness function, which assigns a score to each

chromosome based on its performance relative to the problem's objective.
o  Example: In a minimization problem, such as reducing production costs, the fithess function would evaluate how close each

candidate solution is to the optimal (lowest) cost.



Evolutionary Processes in GAs:

1. Selection:

o In GAs, selection is analogous to natural selection, where better solutions (those with higher fithess scores) are more likely to be
selected to reproduce and pass their genetic information to the next generation. Various selection methods, such as roulette
wheel selection or tournament selection, are used to choose parents based on fitness.

o  Theidea is that fitter solutions are more likely to be selected, but weaker solutions still have a chance, maintaining diversity in
the population.

2.  Crossover (Recombination):

o Just as biological reproduction mixes genetic material from two parents, in GAs, crossover combines the genes of two parent
solutions to create new offspring. The offspring inherit traits (genes) from both parents, which allows the algorithm to explore
new areas of the solution space.

o  Example: In a simple crossover operation, two parent chromosomes are split at a random point, and segments are swapped to
create two new offspring.

3. Mutation:

o  Mutation in GAs is similar to biological mutation, introducing small random changes in the genes of offspring to maintain
diversity and avoid premature convergence (getting stuck in local optima). These small perturbations ensure that the algorithm
doesn’t become too focused on a small part of the search space and helps explore new areas.

o  Example: In binary-encoded GAs, a mutation might flip a bit from 0 to 1 or vice versa.

4.  Survival of the Fittest:

o  After selection, crossover, and mutation, the population is evaluated again, and the best-performing individuals (chromosomes)
are carried over to the next generation. This process is repeated over multiple generations until a termination condition (e.g., a
satisfactory solution or a maximum number of generations) is met.



Genetic Algorithm Flowchart

1. Start: Initialize the GA process.
2. Initialize Population:
o  Generate an initial population of random candidate solutions.
3. Evaluate Fitness:
o  Use the fitness function to evaluate each candidate solution in the population. Assign a fithess score based on how well it
solves the problem.
4. Selection:
o  Select pairs of parent solutions based on their fithess scores. Fitter individuals are more likely to be chosen for reproduction.
5. Crossover:
o  Perform crossover on selected parents to generate offspring. The genetic material from both parents is recombined to create
new solutions.
6. Mutation:
o  Apply mutation to the offspring with a certain probability to introduce randomness and maintain diversity in the population.
7.  Next Generation:
o  Replace the old population with the new one (offspring). Evaluate the fitness of the new population.
8. Terminate or Repeat:
o  Check if the termination condition is met (e.g., maximum generations, fitness threshold). If not, repeat the process starting from
Selection.
o If the termination condition is met, the algorithm stops, and the best solution is returned.



Fitness Function and Evaluation

Role of the Fitness Function

e  The fitness function evaluates how well each solution (chromosome) solves the problem.
e Maximization vs. Minimization:
o  Depending on the problem, the fitness function can be designed to either maximize or minimize an objective.
o Example: In a cost minimization problem, lower fitness values are better, while in profit maximization, higher fithess values are
preferred.

Designing the Fitness Function

e  Must be aligned with the optimization problem’s objectives to guide the search effectively.
e Fitness Scaling:
o  Methods like rank-based scaling or proportional fitness prevent a single solution from dominating the population early on,
maintaining a balanced selection process.
o  Example: In scaling, solutions are ranked and normalized to ensure a fair probability of being selected for reproduction,
regardless of their raw fitness values.



Selection Mechanisms

Objective of Selection

e Purpose: Selection determines which individuals (solutions) reproduce and contribute to the next generation.
e Balancing Exploration and Exploitation:
o  Selection methods maintain a balance between exploitation of the best solutions and exploration of diverse,
potentially suboptimal, solutions.

Common Selection Methods

e Roulette Wheel Selection:
o  Chromosomes are selected in proportion to their fithess scores. Better solutions have a higher probability of being
chosen.
o  Advantage: Simple, probabilistic approach to selecting fitter individuals.
e  Tournament Selection:
o  Agroup of individuals is randomly selected, and the best-performing one is chosen for reproduction.
o  Advantage: Higher selection pressure, often faster convergence.
e Rank-Based Selection:
o  Solutions are ranked by fitness, and selection is based on rank rather than raw fitness.
o  Advantage: Prevents highly fit solutions from dominating early in the process.
e  Elitism:
o  The top-performing solutions are carried over to the next generation without modification.
o  Advantage: Guarantees the best solutions are retained, speeding up convergence.



Crossover Operators

Purpose of Crossover

e Purpose: Crossover combines genetic material from two parent solutions to generate offspring. This allows exploration of new areas
of the solution space by combining traits of the parents.

Types of Crossover Operators

e Single-Point Crossover:
o Arandom crossover point is selected, and genetic material is exchanged between parents from that point onward.
o Benefit: Simple, fast, and effective for binary encoding.
e  Multi-Point Crossover:
o  Multiple crossover points are selected, producing more complex combinations of parent genes.
o  Benefit: Allows for more diverse offspring compared to single-point crossover.
e  Uniform Crossover:
o  Each gene is randomly selected from either parent, providing fine-grained mixing of genes.
o  Benefit: Ensures more diverse offspring with better distribution of genetic material.
e  Arithmetic Crossover:
o  Offspring genes are generated as a weighted average of parent genes, suitable for continuous problems with real-number
encoding.
o  Benefit: Helps maintain smooth transitions between generations in real-number spaces.

Crossover Rate
e Definition: The proportion of the population subjected to crossover.
e  Trade-off: A higher crossover rate encourages more exploration, while a lower rate focuses more on exploitation of the current

solutions.



Mutation Operators

Purpose of Mutation

e Purpose: Mutation introduces randomness by making small changes to the offspring’s genes, helping to maintain diversity in
the population and preventing premature convergence to local optima.

Types of Mutation

e  Bit-Flip Mutation:
o Inbinary encoding, a randomly selected bit is flipped (0 to 1 or vice versa).

o  Benefit: Simple and effective for binary-encoded problems.

e  Gaussian Mutation:
o Inreal-number encoding, a small random value from a Gaussian distribution is added to the gene.

o  Benefit: Maintains smooth transitions between solutions in continuous spaces.

e  Swap Mutation:
o  In permutation encoding, two genes are randomly swapped.
o  Benefit: Maintains the validity of solutions where order matters (e.g., TSP).

Mutation Rate

e Definition: The probability that a gene will undergo mutation.
e Trade-off: A high mutation rate increases diversity but may introduce too much randomness, while a low mutation rate may lead

to premature convergence.



Termination Criteria

Common Termination Conditions

e Maximum Number of Generations: The algorithm stops after a pre-defined number of generations,
regardless of the fitness of the population.
e Fitness Threshold: The algorithm terminates once the best solution reaches a specified fitness

value.
e No Improvement: If there has been no significant improvement in the best fitness score over a

given number of generations, the algorithm terminates.
e Time Limit: The algorithm is terminated after a fixed period of runtime.

Convergence

e Definition: Convergence occurs when the population becomes homogeneous, with little or no

genetic diversity.

e Problem: Premature convergence can result in suboptimal solutions.
Solutions: Increase the mutation rate, use diversity-preserving techniques, or restart the population
when convergence is detected.



Initialization and Population Representation

Encoding Solutions as Chromosomes

. Binary Encoding:

o Each solution is represented as a binary string (e.g., 610101).

o Common in problems where variables have discrete or boolean values.

o Example: In a knapsack problem, binary encoding could represent whether an item is included (1) or excluded (0) from the knapsack.
° Real Number Encoding:

o Chromosomes are represented as arrays of real numbers, which is particularly useful for continuous variables.

o Example: In optimization problems like minimizing a function over real values, real-number encoding allows for finer-grained control over solution

precision.

° Permutation Encoding:

o Useful for problems involving ordering, such as the traveling salesman problem (TSP).

o Example: A chromosome represents a specific sequence of cities to visit, with each gene corresponding to a city.

Population Size

. Trade-off between Exploration and Exploitation:
o A larger population size promotes greater exploration of the search space, reducing the risk of premature convergence. However, it also increases

computational cost.
o A smaller population focuses more on exploitation, zooming in on promising areas, but might miss global optima.

Diversity in Initial Population

° Importance of Diversity:
o Ensuring diversity in the initial population helps the algorithm explore different areas of the search space, avoiding premature convergence to local
optima.
o Random initialization or using heuristics to generate a diverse set of initial solutions helps maintain variety in solutions.



function GENETIC-ALGORITHM( population, fitness) returns an individual
repeat
weights<— WEIGHTED-BY (population, fitness)
population2<—empty list
for i = 1 to S1IZE(population) do
parentl, parent2 <— WEIGHTED-RANDOM-CHOICES(population, weights, 2)
child <~ REPRODUCE(parentl, parent2)
if (small random probability) then child <~ MUTATE(child)
add child to population?2
population < population2
until some individual is fit enough, or enough time has elapsed
return the best individual in population, according to fitness

function REPRODUCE(parentl, parent2) returns an individual
n<— LENGTH(parentl)
c+—random number from 1 to n
return APPEND(SUBSTRING(parentl, 1,c), SUBSTRING(parent2,c+ 1,n))

e



Applications of Genetic Algorithms

Real-World Applications:

o Traveling Salesman Problem (TSP): Finding the shortest route to visit multiple cities.
o Scheduling Problems: Optimizing job schedules, task allocations.
o Evolutionary Art and Design: GA-generated art, evolving designs, or architectural
layouts.
Engineering Design: Structural optimization, circuit design.
Financial Market Prediction: Optimizing trading strategies.
o Machine Learning: Feature selection, hyperparameter optimization.



Challenges and Limitations of Genetic Algorithms

1. Premature Convergence: GAs can sometimes converge too quickly to a suboptimal solution, especially when the population loses diversity
early in the search process. This occurs when most individuals in the population become similar, reducing the algorithm’s ability to explore new
areas of the solution space.

2. High Computational Cost: GAs require evaluating a large number of potential solutions (chromosomes) across multiple generations. For
problems with complex fitness functions or large solution spaces, this can result in high computational costs, making the algorithm slow or
impractical for real-time applications.

3. Parameter Sensitivity: The performance of GAs is highly sensitive to the choice of parameters, including population size, crossover rate,
mutation rate, and selection pressure. Poor parameter settings can lead to inefficient search or failure to find a good solution.

4. Lack of Global Guarantees: GAs do not guarantee finding the global optimal solution, especially in highly complex or noisy search spaces.
Since GAs rely on stochastic processes (crossover, mutation), the final solution may vary from one run to another.

5. Slow Convergence for Some Problems: GAs can be slow to converge to high-quality solutions, especially in problems with large search
spaces or when the fitness landscape is flat (many solutions have similar fitness values).



6. Difficulty in Handling Constraints: Many optimization problems involve constraints, such as resource limits, physical boundaries, or
logical conditions. GAs, by default, are not well-suited for handling constraints, which can lead to invalid solutions.

7. Poor Performance on Small or Simple Problems: For problems with small search spaces or simple objective functions, GAs may be
overkill and can perform worse than simpler, deterministic algorithms like gradient descent or exhaustive search.

8. Fitness Function Design Challenges: Designing an appropriate fithess function is crucial, but it can be challenging, especially in
multi-objective or complex problems. Poorly designed fitness functions can mislead the search, causing the GA to converge on suboptimal
solutions.



