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Definition of CSP

A Constraint Satisfaction Problem (CSP) is a mathematical problem that can be described
in terms of:

Variables: A set of variables X1, Xz, Xn, each representing an aspect of the problem.
Domains: Each variable Xi has an associated domain Di, which is the set of possible
values it can take. The domain can be finite or infinite, but CSPs typically deal with finite
domains.

Constraints: The constraints are rules that define acceptable combinations of values
for the variables. These constraints limit the possible values that can be assigned to the
variables, ensuring that only valid solutions are considered.



Key Components of a CSP

Variables

e Definition: Variables represent entities or factors that need to be assigned values to solve the problem.
o Example: In the N-Queens problem, each queen represents a variable that must be placed in a
row on the chessboard. If there are 8 queens, the variables are X, X, ,..., X;, where each X
represents the position of the queen in the i-th row.
e Example:
o Map Coloring Problem: The variables in this problem represent the regions on a map. For
instance, X, could represent a specific country, X, a neighboring country, and so on.

Domains

e Definition: The domain D. of a variable X is the set of possible values that can be assigned to that
variable.
o Example: In the N-Queens problem, the domain for each variable (queen) is the set of column
positions on the chessboard (e.g., D, = {1, 2, 3, ..., 8} if the chessboard is 8x8).



e Finite Domains:
o  CSPs typically deal with finite domains. For example, in the Map Coloring Problem, each region (variable) can be
assigned one of the finite colors from the domain, such as {Red,Blue,Green}.
e Example:
o Inthe Sudoku puzzle, the variables are the empty cells in the grid, and the domain for each cell is the set of
possible digits that can be placed there, i.e., D.={1, 2, 3, ..., 9}.

Constraints

e Definition: Constraints define the relationships or restrictions between variables, limiting the values they can take
simultaneously.
o Example: In the N-Queens problem, the constraints ensure that no two queens can be placed in the same row,
column, or diagonal.
e Types of Constraints:
o Unary Constraints: These involve a single variable, e.g., restricting a variable to only a subset of its domain.
o Binary Constraints: These involve two variables, such as ensuring that two neighboring countries on a map do not
share the same color.
o Higher-order Constraints: These involve more than two variables, such as in Sudoku, where all values in a 3x3
grid must be unique.
e Example:
o  Map Coloring Problem: Constraints ensure that adjacent regions (variables) do not have the same color. For
instance, if region X, is colored red, neighboring region X, cannot also be red.



Examples of CSPs

N-Queens Problem

e Problem Statement: Place n queens on an nxn chessboard such that no two queens threaten each
other. This means no two queens can share the same row, column, or diagonal.
o Variables: Each queen represents a variable X,, X,, ..., X , where X is the position of the
queen in row i.
o Domains: The domain for each variable is the set of possible column positions D. = {1, 2, ...,
n}.
o Constraints: The constraints ensure that no two queens are placed in the same column or

diagonal. For example, X, # X, ensures that queens in row 1 and row 2 are not in the same
column.



Map Coloring Problem

e Problem Statement: Assign a color to each region on a map such that no two adjacent
regions share the same color.

o Variables: Each region is a variable X, X,,...,X , where X represents the color
assigned to the i-th region.

o Domains: The domain for each variable is the set of available colors, e.g., D. =
{Red,Blue,Green}.

o Constraints: Constraints ensure that neighboring regions do not have the same color.
For example, if X, and X, are adjacent regions, then X1 # X2.
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(a) The principal states and territories of Australia. Coloring this map can be viewed as a
constraint satisfaction problem (CSP). The goal is to assign colors to each region so that

no neighboring regions have the same color. (b) The map-coloring problem represented
as a constraint graph.




Goal of a CSP

The goal of a CSP is to find an assignment of values to all variables such that:

1. Each variable is assigned a value from its domain.
2. All the constraints are satisfied (i.e., no two variables violate any of the constraints).
e Example:
o In the N-Queens problem, the goal is to assign a position to each queen such
that none of the constraints (i.e., no queens sharing a row, column, or diagonal)
are violated.



Applications of CSP

CSPs are widely applicable in many real-world problems, especially where multiple variables interact with each other and must satisfy a set of
constraints.

Scheduling
e  Problem: Schedule tasks, meetings, or resources without conflicts.
o  Example: University timetabling, where courses (variables) need to be scheduled in specific time slots (domains) without

overlap in rooms, instructors, or student groups (constraints).

Timetabling

e Problem: Create a timetable for an organization that satisfies various constraints, such as ensuring no person is double-booked.
o  Example: Creating a timetable for exams where no student has overlapping exams.

Resource Allocation
e  Problem: Allocate limited resources to competing tasks while satisfying resource availability constraints.
o  Example: Allocating work shifts to employees (variables) such that no employee is assigned multiple shifts at the same time
(constraints).
Puzzle Solving (Sudoku)
e Problem: Solve puzzles where constraints between variables must be satisfied.

o  Example: In Sudoku, each row, column, and 3x3 grid must contain unique digits from 1 to 9. Each empty cell represents a
variable, and the constraints enforce the rules of Sudoku.



Binary CSP

A Binary CSP is a type of Constraint Satisfaction Problem where the constraints involve pairs of variables. In a binary CSP:

e Variables: Each variable can be assigned a value from a predefined domain.
e Constraints: The constraints specify which pairs of variable assignments are valid or invalid. These constraints restrict how

values can be assigned to the two variables.

Key Characteristics of Binary CSP:

e Binary Constraints: Constraints between two variables. For example, in the Map Coloring Problem, a binary constraint
would ensure that two adjacent regions (variables) do not have the same color.

Example:
o  Consider two variables X, and X, in a Map Coloring Problem. The binary constraint between X, and X, might state that

X, # X,, ensuring that the two neighboring regions represented by X, and X, are not colored the same.

e Simplified Structure:
o  Binary CSPs allow for simpler representations and solution methods, as each constraint involves only two variables.

e  Applications:
o  Scheduling Problems: Binary CSPs can be used in scheduling scenarios where tasks (variables) cannot occur at the

same time (binary constraint).
o  Puzzle Solving: Puzzles like the N-Queens Problem involve binary constraints, such as ensuring no two queens share

the same row, column, or diagonal.



Constraint Satisfaction Graph

Definition of a Constraint Satisfaction Graph:
A Constraint Satisfaction Graph is a graphical representation of a binary CSP. In this representation:

e Nodes: Represent the variables of the problem.
e Edges: Represent the binary constraints between pairs of variables.

This graphical representation helps to visualize which variables are constrained by which others, making it easier to manage the
dependencies between variables.

How to Create a Constraint Satisfaction Graph
To create a constraint graph for a binary CSP, follow these steps:

1. ldentify the Variables: Each variable in the CSP is represented as a node in the graph.
2. Draw Edges for Constraints: For each binary constraint between two variables, draw an edge between the corresponding
nodes in the graph.

This graph allows us to visualize the structure of the problem, identifying where constraints exist and how the variables interact with
each other.



Example: Map Coloring Problem (Binary CSP)

In a simplified Map Coloring problem, where we have 4 regions X,, X,, X,, X,, and adjacent regions must have different colors, the
binary constraints would be:

° X1 #Xz
° X1¢X3
° X2¢X4

The Constraint Satisfaction Graph would look like:

° Nodes: X1, X2, X3, X4 representing the four regions.
e Edges: An edge between X, and X,, X, and X,, and X, and X,, representing the binary constraints.



Example: 4-Queens Problem as a Binary CSP

The 4-Queens Problem involves placing 4 queens on a 4x4 chessboard such that no two queens threaten each other. The binary
constraints ensure that:

1. No two queens can be in the same row.
2.  Notwo queens can be in the same column.
3. No two queens can be on the same diagonal.

Step-by-Step Representation of the 4-Queens Problem as a Binary CSP:

1. Variables: Each variable represents the position of a queen in a row. Let X,, X,, X, X, represent the columns where queens
are placed in rows 1, 2, 3, and 4, respectively.

2. Domains: The domain for each variable X. is the set of columns where the queen can be placed. Thus, D1 =D2 = D3 = D4 =
{1,2,3,4}, representing the column numbers.

3. Constraints: The binary constraints ensure that no two queens are in the same column or diagonal. The binary constraints can
be written as:

X1#X2

X1#X3

X1#X4

X2#X3

X2#X4

X3#X4

o O O O O O

Additionally, the queens should not be placed on the same diagonal, which can be expressed as: |X. - X| # |i—j|, meaning the
difference between their row and column positions should not be the same.



Higher-Order CSP

In Higher-Order CSP, constraints can involve more than two variables. This type of problem is common in many
real-world scenarios where multiple variables need to collectively satisfy a constraint, making the problem more
complex compared to binary CSP.

Definition of Higher-Order CSP

e Higher-Order Constraints: These are constraints that involve three or more variables. \While binary CSPs
deal with pairs of variables, higher-order CSPs involve constraints that apply to larger sets of variables.

e Key Concept:
o  The constraints involve interactions between multiple variables simultaneously, which means they
cannot be easily represented using just binary constraints.
o Higher-order CSPs are typically found in more complex problems such as puzzles or scheduling,
where multiple entities must adhere to collective rules.



Examples of Higher-Order CSP

Sudoku Puzzle

e Problem Statement: In a standard 9x9 Sudoku puzzle, the goal is to fill the grid with digits from 1t0 9, so
that:
o Every row contains all digits from 1 to 9 exactly once.
o Every column contains all digits from 1 to 9 exactly once.
o Every 3x3 sub-grid contains all digits from 1 to 9 exactly once.
e Higher-Order Constraints:
o  The constraint that all 9 digits (1 to 9) must appear in a 3x3 sub-grid involves 9 variables at a time.
This is a higher-order constraint because it involves a relationship between multiple cells in the
sub-grid.
e Explanation:
o  The constraint for each 3x3 sub-grid is an example of a higher-order constraint because it's not just
checking two cells but a collective condition that applies to all cells in that sub-grid.



N-Queens Problem

e Problem Statement: The N-Queens problem requires placing N queens on an NxN chessboard so
that no two queens threaten each other. The constraints are:
o No two queens can be placed in the same row.
o No two queens can be placed in the same column.
o No two queens can be placed on the same diagonal.
e Higher-Order Constraints:
o The constraint that no two queens can be placed in the same row involves N variables at a
time. This is a higher-order constraint, as it applies to all queens in the row simultaneously.
e Explanation:
o Inthe N-Queens problem, each row and diagonal constraint involves more than two
variables. For example, ensuring that no two queens share a diagonal may involve constraints
over multiple queens positioned across the entire board.



Reduction of Higher-Order CSP to Binary CSP

A Constraint Satisfaction Problem (CSP) involves variables, domains (the possible values each variable can take), and constraints (rules
that restrict the combinations of variable values). In some problems, constraints can involve three or more variables. Such problems are
referred to as higher-order CSPs. However, solving these problems directly can be complex. A common technique is to reduce
higher-order CSPs to binary CSPs, where each constraint involves only two variables.

Key Points of Reduction of Higher-Order CSP to Binary CSP
1. Understanding Higher-Order CSPs

In a higher-order CSP, constraints can involve three or more variables. For example, consider a constraint that involves three variables X1,
X,, X, such that these three variables must satisfy a specific condition. This type of constraint is called a higher-order constraint because it
involves more than two variables.

Example:

e  Sudoku Puzzle: The constraint that each 3x3 sub-grid in a Sudoku puzzle must contain the digits 1 through 9 is a higher-order
constraint because it involves multiple variables (cells).

e N-Queens Problem: Ensuring no two queens can attack each other requires constraints that involve more than two queens, making
this a higher-order CSP.



Why Reduce to Binary CSP?

Binary CSPs are easier to solve because there are more efficient algorithms designed for them, such
as Arc Consistency and Backtracking. Many real-world constraint solvers are optimized for binary

CSPs. Thus, reducing a higher-order CSP to a binary CSP allows us to take advantage of these efficient
algorithms.

The key reasons for reducing higher-order CSPs to binary CSPs:

e Algorithm Efficiency: Many CSP solvers and algorithms (like AC-3 or backtracking) work better
with binary constraints.

e Simpler Problem Representation: Binary CSPs have a simpler structure, making the problem
easier to understand, visualize, and solve.

e Standardization: Many tools and libraries for solving CSPs are built around the assumption of
binary constraints, so reducing higher-order problems helps fit them into this framework.



Approach to Reduction of Higher-Order CSP to Binary CSP

The process of converting a higher-order CSP into a binary CSP usually involves introducing auxiliary variables that capture the
relationship between the multiple variables involved in the higher-order constraint. This transformation can be done systematically,
ensuring that the original problem's structure and constraints are preserved.

Steps to Reduce Higher-Order CSP to Binary CSP:

1.  ldentify Higher-Order Constraints:
o  Look for constraints that involve three or more variables. These are the constraints that need to be transformed into
binary constraints.
o  Example: Suppose you have a constraint involving three variables X,, X,, X,, where these three variables must satisfy a
specific relationship (e.g., X, + X, + X, = 10).
2.  Introduce Auxiliary Variables:
o  To reduce the complexity, introduce an auxiliary variable to represent the relationship between the multiple variables
involved in the higher-order constraint.
o Example: Introduce an auxiliary variable Y to represent the combination of values X1, X2, X3, where Y encodes valid
tuples that satisfy the original constraint. Now, Y=(X,, X,, X,).



3. Replace Higher-Order Constraints with Binary Constraints:

@)

Now, replace the higher-order constraint with a set of binary constraints that involve the original

variables and the new auxiliary variable.
Example: Instead of having a higher-order constraint C(X,, X,, X,), replace it with binary constraints:
i. C,(X,Y), which ensures that X, is consistent with the auxiliary variable Y,
ii. C2 (XZ,Y), which ensures that X2 is consistent with Y,
iii. 03 (XS,Y), which ensures that X3 is consistent with Y.
Each binary constraint relates one of the original variables to the auxiliary variable, ensuring that the

higher-order relationship is maintained.

4. Maintain Consistency with Auxiliary Variables:

@)

Ensure that the auxiliary variable Y maintains consistency across all variables. The binary constraints
ensure that X,, X,, X, take values that are consistent with the tuples represented by Y.

Example: If Y represents the valid combinations for X,, X,, X,, then the binary constraints ensure that
each variable in the original problem respects the combination rules encoded in Y



Example of Reduction: Sudoku Puzzle

In Sudoku, the puzzle consists of a 9x9 grid, where each row, each column, and each of the 9 sub-grids (3x3 blocks) must contain the
digits from 1 to 9 without repetition.

Higher-Order Constraints in Sudoku

e Row constraint: Each row must contain the digits 1 through 9 exactly once (affects 9 variables).
e Column constraint: Each column must contain the digits 1 through 9 exactly once (affects 9 variables).
e  Sub-grid constraint: Each 3x3 sub-grid must contain the digits 1 through 9 exactly once (affects 9 variables).

These are examples of higher-order constraints because each constraint involves multiple variables (9 in this case).

Goal of Reduction

We want to reduce these higher-order constraints (like the sub-grid constraint) into a form where the constraints only involve pairs
of variables (binary CSP). This will make it easier to solve using standard CSP algorithms designed for binary constraints.



We’'ll work with the top-left 3x3 sub-grid from a partially filled Sudoku grid.

Original 3x3 Sub-Grid Example:
Let’'s assume the following 3x3 sub-grid (part of a larger 9x9 Sudoku grid):

X1 X2 Xi3 [ 5 3 X3
Xo1 Xoo Xos| = |[Xo1 7 Xo3
X331 Xza X33 X371 X392 9

Step 1: Identify the Higher-Order Constraint

The constraint for this sub-grid is that the values X X1’2, X, 30 Xy s X212, X X3!1, X X3’3 must be unique and range from 1 to 9.

1,1 1,3’ 2,3’ 3,2’

This is a higher-order constraint because it involves more than two variables (in this case, 9 variables).

Step 2: Introduce Auxiliary Variables

To reduce this higher-order constraint to binary CSP, we introduce an auxiliary variable A, ,, which represents the set of valid assignments
for the 9 cells in the 3x3 sub-grid.

° Let A3x3 be a tuple that contains valid combinations of values for the 3x3 sub-grid, for example: A3X3 = (5,3,4,6,7,8,1,2,9) This tuple
represents a possible valid assignment for the sub-grid, where each value is unique, satisfying the higher-order constraint



Generating the Values for the Auxiliary Variable

The values assigned to the auxiliary variable are generated based on the domain of the original variables and the constraint being represented. Here's how you
generate and choose values:

Step 1: Identify the Domain of the Variables: Each variable Xij in the higher-order CSP has a domain (a set of possible values). For example, in Sudoku, each cell
can take any value from 1 to 9: '

D(Xi’j) ={1,2,3,4,5,6,7,8,9}
The auxiliary variable A will take on tuples that represent combinations of values from these domains.
Step 2: Define the Constraint: The auxiliary variable represents the valid assignments of these variables that satisfy the higher-order constraint. For example:

° In Sudoku, the constraint for the 3x3 sub-grid is that all values must be unique and between 1 and 9.
° In a resource allocation problem, the constraint might be that the total resource usage across several tasks does not exceed a limit.

Step 3: Enumerate the Valid Tuples: For the auxiliary variable, we choose only those tuples that satisfy the higher-order constraint. In the Sudoku example, a valid
tuple for the auxiliary variable could be:

A3X3 = (5,3,4,6,7,8,1,2,9) This tuple satisfies the uniqueness constraint for the sub-grid.

Other examples of valid tuples could be: (1,2,3,4,5,6,7,8,9), (9,8,7,6,5,4,3,2,1), (3,1,2,6,4,7,9,5,8). Each of these represents a valid assignment for the 3x3 sub-grid that
satisfies the higher-order constraint.

For Sudoku, valid auxiliary variable values are all possible permutations of {1,2,3,4,5,6,7,8,9) that satisfy the constraint of uniqueness.

Step 4: Prune Invalid Tuples (Partial Assignment): In practical situations, we often don't need to generate all possible values for the auxiliary variable if we already
know some values in the original variables.

For example, if some cells in the 3x3 sub-grid already have assigned values (like 5, 3, 7, and 9 in our previous example), then the auxiliary variable’s values must be
consistent with the assigned values. In this case: A3X3 =5,3,_,..7,,.,.,9

Here, the auxiliary variable must complete the partial assignment with values that satisfy the uniqueness constraint (e.g., by assigning the remaining cells with values
4,6, 8,1, 2).



Step 3: Replace the Higher-Order Constraint with Binary Constraints

We now replace the higher-order constraint with binary constraints that involve each original variable in the grid and the auxiliary
variable A
3x3

The original higher-order constraint:

1,27 771,321 7222 772,30 3,17 T 3,2

CX, 1 Xy g Xy g Xy 11 Xy g0 X g0 X 11 X 0 Xy )

becomes:
o Ci(Xi 1 Ay)
o Cy(X Az,
e Ci(X; 3 A3 3)
e C, (Xz 1Ps33)
o G (X, 2P50)
e G (X2,3’A3x3)
o G (X;5,A5)
o GCu(Xy2A5)
o Cy(Xy 3P

These binary constraints ensure that the values of the original variables Xij are consistent with the tuple assigned to A, ,



Step 4: Binary Constraints in Action (Using Actual Values)
Now let’'s impose these binary constraints using the values from the sub-grid:

A. .=(5,3,4,6,7,8,1,2,9)

3x3

We already have some fixed values (5, 3, 7, and 9), and we need to assign values to the empty cells X1’3, X2 » X23, X3 » X

e C.(X ):
11 3 3
o Wexknow X =5, and the first value in ASX3 is 5, so this constraint is satisfied.
e C, X, ., ):
2\" 1,2 3 3 . . . . . . o
o X1’2x-3 and the second value in A3X3 is 3, so this constraint is satisfied.
o CuX, 3 Ay

o  We need to assign a value to X . The third value in A, , is 4, so assign X, , = 4.

° C4 (Xz 1 3x3) )
o We need to assign a value to X, .. The fourth value in A, ; is 6, so assign X, ;= 6.

o CyX, 0 A,
o  X,.=7,and the fifth value in A, is 7, so this constraint is satisfied.

2,2
¢ CG(XZ 3’ 3x3)

o We need to assign a value to X, ,. The sixth value in A, is 8, so assign X, , = 8.
o Ci(X;4 Agn) _

o  We need to assign a value to X . The seventh value in A, . is 1, so assign X, , = 1.
° Cs(xs 2’ 3x3) .

o  We need to assign a value to X . The eighth value in A, is 2, so assign X3’2 =2.
o Cy(Xy5 Asg):

o X33 =9, and the ninth value in A3X3 is 9, so this constraint is satisfied.



Step 5: Verify the Final Sub-Grid

After assigning the values based on the binary constraints with A, ., the sub-grid looks like this:

3x3’

5 3 4
6 7 8
12 9

This is a valid solution for the sub-grid, where all the values are unique, and the binary constraints have been satisfied.



Reduction Techniques: Dual Graph Transformation

Another approach to reduce higher-order CSPs is the dual graph transformation:

e Dual Graph: In this transformation, each node in the graph represents a constraint rather than a

variable.
e Edges: The edges represent the compatibility between these constraints.

This method is particularly useful when higher-order constraints dominate the problem. It transforms the
CSP into a graph-based representation where solving the problem is easier using graph-theoretic
methods.



Trade-offs in Reducing Higher-Order CSP to Binary CSP

While reducing a higher-order CSP to a binary CSP can make it more tractable, there are some trade-offs to
consider:

e Increase in Problem Size: Introducing auxiliary variables increases the number of variables and
constraints, potentially making the problem more complex in terms of the number of operations.

e Loss of Original Structure: The original higher-order structure might be obscured in the reduced binary
CSP, making it harder to interpret the results in terms of the original problem.

e Efficiency Gains: Despite the potential increase in problem size, the reduction often allows us to use more
efficient algorithms designed for binary CSPs, leading to faster solutions.



Why Is This Reduction Necessary?

Efficiency in Solving: Binary CSPs are better understood and have more established, efficient algorithms for
finding solutions. Converting a higher-order CSP to a binary CSP allows us to use these algorithms and reduces
the computational complexity.

Compatibility with CSP Solvers: Many standard CSP solvers are built to handle binary constraints, so reducing
the problem enables the use of these existing tools and techniques.

Scalability: Higher-order CSPs tend to become increasingly complex as the number of variables and constraints
grows. Reducing them to binary CSPs makes large, complex problems more manageable.



Minimum Remaining Values (MRV) Heuristic

The Minimum Remaining Values (MRV) heuristic is a commonly used technique in solving Constraint Satisfaction Problems (CSPs), which
helps improve the efficiency of search algorithms by guiding the order in which variables are selected for assignment. It is particularly useful in
backtracking algorithms to reduce the search space and detect failures early.

Key Points of MRV Heuristic
1. Definition of MRV Heuristic:

° MRV is a variable selection heuristic used in CSPs.
) It prioritizes the variable with the fewest legal values (i.e., the smallest domain) left for assignment at any point during the search.
e Theidea is to focus on the variables that are most constrained, as they are likely to cause conflicts or failures if not handled early.

2. Purpose and Need for MRV Heuristic:

The need for the MRV heuristic arises from the fact that CSPs can have a large search space, which makes it computationally expensive to
explore all possible variable assignments. The MRV heuristic helps in:

° Reducing the search space: By selecting the most constrained variable first, MRV minimizes the chances of backtracking by addressing
the variables that are most likely to cause a failure.

° Early detection of failure: If a variable has no legal values left in its domain, the search can fail quickly without wasting resources on
unnecessary variable assignments.

° Improving efficiency: By focusing on the most constrained variables, MRV improves the efficiency of solving the CSP by reducing the
likelihood of exploring irrelevant or less constrained branches of the search tree.



How MRV Heuristic Works

In CSPs, we need to assign values to variables in a way that satisfies all constraints. The MRV heuristic helps guide this process by
always choosing the next variable to assign as the one with the minimum remaining legal values in its domain.

Steps of MRV Heuristic:

1. At each step of the search (usually in backtracking or forward checking algorithms):
o  Look at the remaining unassigned variables.
o  For each unassigned variable, compute the number of remaining legal values in its domain (i.e., the values that do

not violate any constraints).
o  Choose the variable with the fewest remaining legal values. This is the variable that is most likely to fail soon, and
handling it first may reduce the need for backtracking.
2.  Continue this process of selecting variables with the minimum remaining values until all variables are assigned or a failure is
detected (i.e., a variable has no remaining legal values).



Example of MRV Heuristic in Action:

Consider a Map Coloring Problem, where the goal is to color regions of a map such that no two adjacent regions have the same
color. Suppose the colors available are {Red, Blue, Green}.

° Regions: A, B, C, D, E.
e Constraints: Adjacent regions cannot have the same color.

Suppose after assigning colors to some regions, you are left with the following:
e Region A: Remaining legal values = {Red, Blue}
e Region B: Remaining legal values = {Blue}

e Region C: Remaining legal values = {Red, Blue, Green}

According to the MRV heuristic, you would select Region B next because it has only one legal value left (Blue). By focusing on B, you
reduce the likelihood of failure and early backtracking since B is the most constrained variable.



Key Insights into the MRV Heuristic

1. Why MRV Focuses on the Most Constrained Variable:

° In CSPs, some variables are more constrained than others, meaning they have fewer options for assignment.
° If we delay assigning values to these highly constrained variables, we may end up with a situation where no legal values remain for them, forcing us to
backtrack.

° By addressing the most constrained variables first (those with the Minimum Remaining Values), we can detect potential conflicts earlier in the search
process, thus reducing the need for extensive backtracking.

2. MRV vs. Random Variable Selection:

° In contrast to randomly selecting variables, MRV actively minimizes the chance of a dead-end by focusing on the variable most likely to cause a
conflict. Random variable selection would not detect such constraints until much later in the search, potentially leading to more backtracking.

° MRYV is especially beneficial in dense CSPs where many constraints exist between variables. It becomes crucial in problems with limited flexibility, as
it targets the most constrained variables directly.

3. Handling Ties in MRV:

° Often, two or more variables may have the same number of remaining legal values.

° In such cases, MRV can be combined with other heuristics like the Degree Heuristic, which selects the variable that is involved in the most
constraints with unassigned variables (i.e., the one that will constrain other variables the most).

) By using both MRV and Degree Heuristics together, we get a more powerful variable selection strategy, further improving efficiency.

4. MRV and Constraint Propagation:
) MRYV is often used in combination with constraint propagation techniques, such as Forward Checking or Arc Consistency (AC-3).

° Forward Checking reduces the domain of unassigned variables by removing values that conflict with the current partial assignment. When combined
with MRV, this makes the heuristic even more effective because it dynamically adjusts to the reduced domain sizes after each assignment.



Degree Heuristic

The Degree Heuristic is a variable selection strategy used in Constraint Satisfaction Problems (CSPs) to guide search algorithms more
efficiently. It complements other heuristics like Minimum Remaining Values (MRV) by helping decide which variable to assign next when multiple
variables have the same number of remaining legal values. The Degree Heuristic selects the variable that is involved in the largest number of
constraints on other unassigned variables. This helps reduce the search space and prune the search tree more effectively.

Key Points of Degree Heuristic
1. Definition of Degree Heuristic:

e  The Degree Heuristic is used to select the variable with the largest degree in the constraint graph.

. The degree of a variable is defined as the number of constraints in which that variable participates with other unassigned variables.

° In simpler terms, it selects the variable that restricts the most other variables. By selecting this variable early, it helps reduce the
number of options for the remaining unassigned variables, making the problem easier to solve.

2. Purpose and Need for Degree Heuristic:
The Degree Heuristic helps to:

° Maximize constraint propagation: By selecting the variable that interacts with the most other variables, it maximizes the constraint
propagation early in the search process. This helps to reduce the domains of the remaining variables, thus pruning the search tree.

° Minimize backtracking: By reducing the search space and exploring the most constrained variables early, the Degree Heuristic reduces
the chance of selecting variables that will lead to dead-ends and backtracking later in the search.

° Improve efficiency: By focusing on the variables with the most influence over the problem (those involved in the most constraints), the
heuristic improves the efficiency of solving the CSP.



How the Degree Heuristic Works

Step-by-Step Process:

1. ldentify Unassigned Variables: At each step of the search, examine the variables that are still unassigned.

2.  Calculate the Degree: For each unassigned variable, count the number of constraints it shares with other unassigned
variables. This number is the degree of the variable.

3. Select the Variable with the Highest Degree: Choose the variable that has the highest degree (i.e., the variable that is
involved in the most constraints with other unassigned variables).

4. Assign a Value to the Selected Variable: After selecting the variable with the highest degree, assign a value to it and continue
the search process.



Example: Map Coloring Problem

Consider a Map Coloring Problem where we need to color regions of a map such that no two adjacent regions share the same color.
The available colors are {Red, Blue, Green}.

° Regions: A, B, C,D, E.
e Constraints: Adjacent regions must have different colors.

Let’'s assume the constraints are as follows:

A'is adjacent to B, C, and D.
B is adjacent to Aand C.
Cis adjacentto A, B, and E.
D is adjacent to A.

E is adjacent to C.

In this example, the degree of each variable is:

A: Involved in 3 constraints (with B, C, D).
B: Involved in 2 constraints (with A, C).

C: Involved in 3 constraints (with A, B, E).
D: Involved in 1 constraint (with A).

E: Involved in 1 constraint (with C).

Using the Degree Heuristic, you would select either A or C first because they both have the highest degree (3 constraints each). By
assigning a value to one of these variables first, you can reduce the domain of the other variables that are directly constrained by it.



Let’s break down the Degree Heuristic mathematically in the context of a constraint graph.
1. Degree in the Constraint Graph

In a constraint graph, each node represents a variable, and each edge represents a constraint between two variables. The degree
of a node (variable) is the number of edges (constraints) connected to that node.

e Degree of a variable X.: The degree of a variable X, is the number of constraints it shares with other unassigned variables.
Formally, if N(X)) represents the set of unassigned variables connected to X, then the degree of X. is:

degree(X) = [N(Xi)|, Where |N(Xi)| is the cardinality (number of elements) in the set of neighbors

of X.

2. Degree Heuristic as a Maximization Problem

In the Degree Heuristic, the goal is to maximize the influence of the variable selected. Mathematically, at each step, we choose the
variable X, such that:
X,; = arg max degree(X
i maz (X;)

Where U is the set of unassigned variables, and we select the variable X, with the largest degree (most constraints).



3. Combined with MRV Heuristic

When combined with the MRV Heuristic, the Degree Heuristic serves as a tie-breaker. If two or more variables have the same
number of remaining values, the Degree Heuristic is used to break the tie by selecting the variable with the largest degree.

e MRV + Degree Heuristic: This combination is mathematically expressed as:

X; = arg %gg(MRV(Xj), degree(X;))

Where MRV represents the number of remaining legal values for each variable. The variable with the smallest number of legal
values is selected, and in the case of a tie, the Degree Heuristic is used to choose the variable that participates in the most
constraints.



Why Use Degree Heuristic?

The Degree Heuristic is particularly useful in dense CSPs, where many variables are interconnected through constraints. Here’s why it is
needed:

1. Maximizing Constraint Propagation:

° By selecting the variable with the largest degree, the heuristic propagates constraints early in the search. This helps to reduce the
number of legal values for other variables, effectively pruning the search space.

° Constraint propagation means that the assignment of a value to one variable reduces the number of legal values for neighboring
variables, thereby simplifying the search.

2. Reducing the Search Space:

e  Selecting the variable that interacts with the most other variables maximizes the reduction of the search space. This is because the more
constraints a variable has, the more variables it influences.

. By solving the most influential variables first, the remaining problem becomes easier to solve, as fewer options are available for other
variables.

3. Preventing Dead-Ends and Backtracking:

° By assigning values to the most constrained variables early, the Degree Heuristic reduces the likelihood of reaching a dead-end in the
search.

° Dead-ends occur when a variable is assigned a value, but later there are no legal values left for other variables. By addressing the most
constrained variables first, the Degree Heuristic minimizes the chance of this happening, reducing the need for backtracking.



Least Constraining Value (LCV) Heuristic

The Least Constraining Value (LCV) Heuristic is used in Constraint Satisfaction Problems (CSPs) to improve the efficiency of the search by choosing the
value for a variable that leaves the most flexibility for the remaining unassigned variables. While variable selection heuristics like Minimum Remaining

Values (MRV) and the Degree Heuristic help decide which variable to assign next, the LCV heuristic guides the choice of which value to assign to that
variable.

Key Points of LCV Heuristic
1. Definition of LCV Heuristic:

° The Least Constraining Value (LCV) heuristic selects the value for a variable that restricts the domains of other unassigned variables the least.
° In simpler terms, it looks for the value that leaves the maximum flexibility for the remaining variables, reducing the chance of encountering
dead-ends in the search.

2. Purpose and Need for LCV Heuristic:
The LCV heuristic plays a crucial role in:

° Avoiding dead-ends: By selecting the value that affects other variables the least, LCV helps avoid situations where no legal values remain for other
variables.

° Reducing backtracking: By increasing the flexibility of the search, LCV reduces the likelihood of needing to backtrack, as fewer variable domains will
be reduced to empty sets.

) Maximizing flexibility: The main goal of LCV is to keep as many options open as possible for future assignments, thereby enhancing the chances of
finding a solution more efficiently.

3. When to Use LCV:

° LCV is typically used after selecting a variable to assign a value to, particularly when there are multiple legal values available for that variable.
° It is most effective when the problem has dense constraints, where assigning a value can heavily affect the remaining unassigned variables.
) LCV is often used in combination with MRV or Degree Heuristic for variable selection.



How the LCV Heuristic Works

Once a variable has been selected (for example, using MRV), the LCV heuristic chooses the best value for that variable by
evaluating how each possible value affects the remaining variables. The value that leaves the fewest constraints violated
(or the most options open for the other variables) is chosen.

Steps of LCV Heuristic:

1. For each legal value of the selected variable, calculate how assigning that value will affect the domains of the
remaining unassigned variables.

2.  Count the number of constraints that would be violated or the number of legal values that would be pruned from
the domains of the remaining variables if that value is assigned.

3. Choose the value that minimizes the impact on the remaining variables. In other words, select the value that
prunes the fewest legal values from other variables’ domains.



Example of LCV Heuristic in Action (Map Coloring Problem)

Let’s continue with the Map Coloring Problem, where the goal is to assign colors to regions of a map such that no two adjacent
regions have the same color.

e Available Colors: {Red, Blue, Green}
° Regions: A, B,C,D, E
e Constraints: Adjacent regions must have different colors.

Suppose you have selected Region A (using the MRV heuristic, for example), and now you need to assign it a color. The legal
values for Region A are {Red, Blue, Green}.

Now, consider the effects of each color on the neighboring regions B, C, and D.

e Option 1: Assign Region A = Red:
o  This reduces the legal values for Region B (adjacent to A) by eliminating Red from its domain.
o ltalso reduces the legal values for Region C and Region D by eliminating Red from their domains.
o Let’s say that assigning Red to A reduces 2 legal values in total from the domains of B, C, and D.
e Option 2: Assign Region A = Blue:
o  This reduces the legal values for Region B by eliminating Blue from its domain.
o  Similarly, it reduces the legal values for Region C and Region D.
o Let’s say that assigning Blue to A reduces 1 legal value in total from the domains of B, C, and D.
e Option 3: Assign Region A = Green:
o  This reduces the legal values for Region B, Region C, and Region D by eliminating Green from their domains.
o Let's say that assigning Green to A reduces 2 legal values in total from the domains of B, C, and D.

Using the LCV heuristic, we would choose Blue for Region A because it prunes the fewest legal values from the domains of the
remaining variables (just 1 legal value).



Mathematical Insight into LCV Heuristic

The LCV heuristic can be thought of as an optimization problem where we seek to minimize the number of domain values pruned
from other variables when a particular value is assigned to the current variable.

Mathematical Formulation:
Let:
e V be the current variable that has been selected.
e D(V) be the domain of V (i.e., the set of possible values for V).

e U be the set of unassigned variables (i.e., variables that have not been assigned values yet).

For each value veD(V), the LCV heuristic calculates the number of values that assigning v would remove from the domains of the
remaining variables in U.

Let:

e prune(v) represent the number of values that would be pruned from the domains of the variables in U if V were assigned the
value v.

The LCV heuristic chooses the value v* such that:

v* = arg min prune(v)
veD(V)

In other words, choose the value that minimizes the number of pruned values from the other variables.



Effect on Remaining Variables:

For each value v € D(V):

Evaluate how many legal values would be pruned from the domains of the neighboring variables of V.
The impact of assigning v is the total number of values removed from the domains of the neighboring

variables.

Thus, the goal of the LCV heuristic is to minimize the constraint propagation to other variables, allowing them
to retain as many legal values as possible.



Example in N-Queens Problem

In the N-Queens problem, the goal is to place queens on an nxnn \times nnxn chessboard such that no two queens attack each other.

Consider the 4-Queens problem. You are placing queens row by row, and the available columns for each row are constrained by the positions of the
queens in the previous rows.

Suppose you are placing the queen in Row 3, and you have already placed queens in Row 1 and Row 2. The available columns for the queen in Row 3
are:

° Columns 1,2, 3,4

Now, for each available column, use the LCV heuristic to determine which column will prune the fewest legal columns for the queen in Row 4.

. Option 1: Place Queen in Row 3, Column 1:
o This placement may prune several columns for the queen in Row 4 (due to column and diagonal constraints).
o Let’s assume it prunes 2 legal columns for Row 4.
° Option 2: Place Queen in Row 3, Column 2:
o This placement prunes only 1 legal column for Row 4.
° Option 3: Place Queen in Row 3, Column 3:
o This placement prunes 3 legal columns for Row 4.
° Option 4: Place Queen in Row 3, Column 4:
o This placement prunes 2 legal columns for Row 4.

Using the LCV heuristic, you would place the queen in Row 3, Column 2 because it leaves the most options open for placing the queen in Row 4 (only
prunes 1 legal column).



Forward Checking

Forward Checking is a popular constraint propagation technique used in Constraint Satisfaction Problems (CSPs) to reduce the search space by
eliminating values that would lead to conflicts in future variable assignments. It works by maintaining consistency between the variables by checking
how the assignment of a value to the current variable affects the remaining unassigned variables, and by pruning their domains early in the search
process.

Key Points of Forward Checking
1. Definition of Forward Checking:

° Forward Checking is a lookahead strategy in CSPs that checks how the assignment of a value to a variable will affect the possible values
(domains) of the remaining unassigned variables.

° If assigning a value to a variable results in the removal of all possible values from the domain of any unassigned variable, Forward Checking
immediately triggers a backtrack.

e Theidea is to prevent conflicts from occurring in the future by propagating the constraints forward in the search tree.

2. Purpose and Need for Forward Checking:
The Forward Checking technique is crucial because it:

° Detects conflicts early: By pruning the domains of unassigned variables as soon as a value is assigned to a variable, Forward Checking
ensures that potential conflicts are caught early in the search process, preventing unnecessary exploration of infeasible branches.

° Reduces backtracking: By removing values that would lead to conflicts from the domains of the remaining variables, Forward Checking
reduces the likelihood of reaching a dead-end and needing to backtrack.

° Improves efficiency: Forward Checking makes the search process more efficient by reducing the number of unnecessary variable assignments
and focusing only on valid ones.



How Forward Checking Works

Forward Checking operates by pruning the domains of unassigned variables as soon as a value is assigned to a variable. Here’s how
it works:

Steps of Forward Checking:

1.  Assign a Value to a Variable: The algorithm begins by assigning a value to the current variable (selected using a variable
selection heuristic like MRV or the Degree Heuristic).
2. Check Constraints: After assigning a value to the current variable, Forward Checking checks the constraints between this
variable and all the remaining unassigned variables.
3.  Prune Inconsistent Values: For each unassigned variable, Forward Checking removes any value from its domain that would
violate a constraint with the assigned value of the current variable.
4. Check for Domain Wipeouts: If the domain of any unassigned variable becomes empty (i.e., there are no values left that can
be assigned without violating constraints), a backtrack is triggered because it is impossible to assign a value to that variable.
5. Continue or Backtrack:
o If no domains are wiped out, continue assigning values to the remaining variables.
o If any domain becomes empty, backtrack to try a different value for the previously assigned variable.



Example of Forward Checking in Action:

Let’s consider a 3-Queens problem, where we need to place 3 queens on a 3x3 chessboard such that no two queens are in the same row,
column, or diagonal.

e Variables: X,, X, X,, where each variable represents the column position of the queen in rows 1, 2, and 3, respectively.
e  Domains: Each variable has the domain D(X,) = D(X,) = D(X,) = {1,2,3}, representing the possible column positions for the queens.
e  Constraints: No two queens can be in the same column or diagonal.

Step 1: Assign a Value to X:

We assign X, = 1, meaning we place a queen in the first row and first column.

Step 2: Forward Checking:

Now, Forward Checking checks the impact of this assignment on the domains of the remaining variables X, and X,:
e X, cannot be placed in column 1 (same column as X,).
. X, also cannot be placed in column 2 (diagonal conflict with X,).
e  So, D(X,) is pruned to {3}.

Similarly, X, cannot be placed in column 1 or column 3 (diagonal conflict with X, ), so D(X,) is pruned to {2}.

Step 3: Continue Assignment:

Now we assign X,=3 and check how this affects X,. However, X = 2 is still valid since no conflicts exist with the current assignments of X,= 1 and
X, =3.
2

The final solution is X1 =1, X2 =3, and X3 =2.



Why Use Forward Checking?
Forward Checking is particularly useful in solving CSPs with large search spaces or dense constraints. Here’s why it is needed:
1. Early Detection of Failures:

Forward Checking detects failures early in the search process. By pruning the domains of the remaining variables after each
assignment, it ensures that we don’t pursue paths that would eventually lead to a conflict.

2. Pruning the Search Space:

By reducing the domains of the remaining variables, Forward Checking significantly reduces the size of the search space, making the
problem easier to solve. This is especially important in problems with large domains or complex constraints.

3. Reducing Backtracking:

Forward Checking reduces the need for backtracking by preventing dead-ends from occurring in the first place. By propagating the
constraints forward, it avoids making assignments that would lead to an inconsistent state later on.

4. Improving Search Efficiency:

Forward Checking improves the overall efficiency of the search process by ensuring that only consistent values are considered for
each variable. This reduces the number of variable assignments needed to find a solution.



Arc Consistency

Arc Consistency is a form of constraint propagation used to ensure that for every variable in a Constraint Satisfaction Problem
(CSP), every value in its domain is consistent with the values in the domains of other variables. It is a vital technique for reducing the
search space by eliminating values that cannot be part of any solution.

Key Points of Arc Consistency
1. Definition of Arc Consistency:

In the context of CSPs, a binary constraint between two variables X and Y is represented as an arc (X,Y).
A CSP is said to be arc-consistent if, for every pair of variables X and Y connected by a constraint, for every value v € D(X),
there is at least one value wE D(Y) such that the constraint between X and Y is satisfied.

e If there is no such value w, the value v is inconsistent and is removed from D(X).

2. Purpose and Need for Arc Consistency:
The purpose of enforcing arc consistency is to:

e  Prune the search space
e Detect inconsistencies early
e Speed up search



Arc Consistency Algorithm (AC-3)

The most commonly used algorithm for enforcing arc consistency is AC-3. This algorithm ensures that all arcs in a CSP are
consistent by iteratively checking each arc and removing inconsistent values.

AC-3 Algorithm Steps:

1.
2.

Initialize the Queue: Start with a queue containing all arcs in the CSP.
Process Each Arc:

o Remove an arc (X, XJ.) from the queue.

o Foreach value v € D(X), check if there is a corresponding value w € D(XJ.) such that the constraint Ci’j(v,w) is

satisfied.

o If no such w exists, remove v from D(X)).
Recheck Related Arcs: If any value is removed from D(X), add all arcs (X, X)) (where X is any variable connected
to X)) back into the queue, as these arcs may now have inconsistent values due to the change in D(X)).
Repeat Until Queue is Empty: Continue processing arcs until the queue is empty, at which point the CSP is
arc-consistent.



Example of Arc Consistency in Action

Let’s consider the Map Coloring Problem, where the goal is to color the regions of a map such that no two adjacent regions have the
same color.

e Variables: A, B, C, D (representing regions).

e Domains: Each variable has the domain {Red, Blue, Green}.
Constraints: Adjacent regions must have different colors.

Ais adjacent to B and C.

B is adjacent to A and D.

C is adjacent to Aand D.

D is adjacent to B and C.

o O O O

Step 1: Initialize the Queue

The queue starts with all the arcs:
{(A,B),(A,C),(B.A),(B,D),(C,A),(C,D),(D.B),(D,C)}
Step 2: Process the Arc (A, B)

We check the arc (A,B). For each value vED(A), we ensure there is a value w€ D(B) such that A#B. All values in D(A) are consistent
with the values in D(B) because no constraints are violated at this point.



Step 3: Process the Arc (A, C)

We check the arc (A,C) similarly and find no inconsistencies. The domain remains unchanged.
Step 4: Process the Arc (B, A)

This is a symmetric check to step 2, so the domain remains consistent.

Step 5: Process the Arc (B, D)

Let’s assume that D(B)={Red,Blue} and D(D) = {Red,Blue,Green}. The arc (B,D) requires that B # D. Since D(B) contains
Red and Blue, D(D) must contain values other than Red and Blue. As a result, Green is the only valid color for D(D), so
D(D) is pruned to {Green}.

Step 6: Process the Remaining Arcs

Continue processing the remaining arcs until no more values can be pruned. The result is a set of arc-consistent variables
with pruned domains.



Advantages of Arc Consistency

1. Early Detection of Failures: Arc consistency can detect situations where no valid assignments are possible
early in the search process, leading to faster detection of unsolvable problems.

2. Reduction in Search Space: By eliminating values that cannot be part of any solution, arc consistency
significantly reduces the size of the search space, making it easier to find a solution.

3. Works Well with Other Techniques: Arc consistency is often used in conjunction with backtracking
search and other constraint propagation techniques like forward checking to further prune the search
space and improve efficiency.



General-Purpose Heuristics for CSP

Combining Heuristics

In practice, multiple heuristics are often combined to improve the efficiency of solving CSPs. By strategically choosing variables
and values based on different criteria, we can significantly reduce the number of backtracks and improve overall performance.

Here’s how various heuristics can be combined:

1. Use MRV to Select the Variable:
o MRV (Minimum Remaining Values) is used to select the variable that has the fewest legal values left in its domain.

This heuristic helps identify the most constrained variable (i.e., the one most likely to cause failure if not assigned
early).

o  Why MRV First: This reduces the branching factor by focusing on the most critical part of the problem first.

2. Use the Degree Heuristic as a Tie-Breaker:

o  If multiple variables have the same MRV (i.e., they all have the same number of remaining values), use the Degree
Heuristic to break the tie.

o Degree Heuristic chooses the variable that participates in the most constraints with other unassigned variables. By
assigning a value to the most constrained variable in terms of relationships, we reduce the complexity of future
assignments.

o  Why Degree Next: This helps eliminate conflicts between variables early, reducing the search space for future
assignments.

3. Use LCV to Assign the Value:
o  Once the variable is selected, use the LCV (Least Constraining Value) heuristic to choose the value. The LCV

heuristic selects the value that leaves the most legal options available for other variables.
o  Why LCV: By minimizing the impact on other variables, LCV reduces the likelihood of conflicts later on, increasing

the chances of finding a solution without backtracking.



Heuristic Effectiveness

Different heuristics work effectively in various problem settings. Below is an analysis of the effectiveness
of these heuristics:

e MRV:

o  Works well when the problem involves highly constrained variables that could cause failure if
not addressed early.

o Especially effective in problems where variables have small domains and are highly
interdependent, such as Sudoku or Scheduling.

e Degree Heuristic:

o Best used as a tie-breaker when multiple variables have the same MRV. It helps reduce future
conflicts by assigning values to variables that have the most constraints with other unassigned
variables.

o Particularly effective in Map Coloring and Resource Allocation Problems.

o Reduces the chance of future conflicts by minimizing the impact of each assignment on
remaining variables.

o Useful in problems where assigning one value can drastically reduce the legal options for
other variables, such as in Timetabling or Constraint Scheduling.



Example: Revisiting the Map Coloring Problem

Let’s revisit the Map Coloring Problem, where the goal is to assign colors to a map’s regions so that no two adjacent
regions share the same color. We’ll demonstrate how combining the three heuristics (MRV, Degree Heuristic, LCV) can
improve efficiency:

Step 1: Use MRV to select the region that has the fewest legal colors remaining. Suppose region R1R_1R1 is
surrounded by three other regions, making it the most constrained. Assign a color to R1R_1R1 first.

Step 2: If multiple regions have the same MRV, use the Degree Heuristic to select the region that is connected to
the most other unassigned regions. Suppose R2R_2R2 is connected to two other unassigned regions, making it the
most constrained by degree.

Step 3: Use LCV to select the color for the next region. Choose the color for R2R_2R2 that leaves the most legal
options for the remaining unassigned regions.

Step 4: Apply Forward Checking after assigning each color. If the domain of any neighboring region becomes
empty, backtrack and try a different assignment.

Step 5: Use Arc Consistency (AC-3) periodically to prune inconsistent values from the domains of unassigned
regions, ensuring that all values in one region’s domain are consistent with the values in adjacent regions.

By combining these heuristics and consistency techniques, the problem-solving process becomes more efficient, reducing
the search space and the likelihood of backtracking.



Min-Conflicts for CSPs

The Min-Conflicts algorithm is a local search method designed specifically for Constraint Satisfaction
Problems (CSPs).

e Unlike backtracking search, which incrementally builds a solution from scratch, Min-Conflicts starts
with a complete assignment (every variable already has a value).

e The initial assignment probably violates some constraints (queens attacking each other, two
neighbors having the same color, etc.).

e The algorithm then iteratively repairs conflicts by changing the value of one conflicted variable at
a time.

The guiding principle: Always choose the value that minimizes the number of conflicts.



Formal Algorithm

Suppose we have:

e Variables: X1,X2,...,Xn
e Domains: possible values for each variable
e Constraints: rules that must be satisfied

The Min-Conflicts Algorithm:

1. Start with a complete assignment (random if necessary).

2. Repeat until solution found or max steps reached:
a. If assignment satisfies all constraints - return solution.
b. Else, pick a variable X, that is involved in a conflict.

c. Reassign X, the value from its domain that minimizes
conflicts.

3. If max steps reached without solution - return failure.



Example: Min-Conflicts on 8-Queens

CSP: Place 8 queens so none attack each other.

e State Representation: One queen per column, domain = row (1-8).
e Cost Function (conflicts): Number of pairs of queens that attack each other.

Initial State (random complete assignment)

Let's say we start with:

[Row positions by column] = [2, 5, 7, 4, 1, 8, 6, 3]
This means:

e Column1 — Row?2
e Column?2 — Row 5
e Column3 — Row?7
e .. efc.

Suppose this assignment has 5 conflicts.



Step 1

e Pick a conflicted queen (say Column 2, Row 5).
e Evaluate all 8 possible rows for Column 2:

O

O

Row 1 — 3 conflicts
Row 2 — 4 conflicts
Row 3 — 2 conflicts [/4 (best)
Row 4 — 3 conflicts
Row 5 — 5 conflicts (current)
Row 6 — 4 conflicts
Row 7 — 4 conflicts

Row 8 — 3 conflicts

e Move queen in Column 2 to Row 3.

e New total conflicts = 2.



Step 2

e Pick another conflicted queen (say Column 5, Row 1).
e Check all possible rows for Column 5.

e Best row = Row 6 — reduces conflicts.

e Move queen.

e New total conflicts = 1.

Step 3

e Pick last conflicted queen.
e Move it to the row that eliminates conflicts.

e New total conflicts = 0 — Solution found!



Why Min-Conflicts Works

Strengths

e Scales to huge CSPs: Can solve 1,000,000 queens in seconds.
e Efficient: Focuses only on conflicted variables instead of re-evaluating everything.

e Simple and intuitive: “Repair the most problematic variable step by step.”

Weaknesses

e May get stuck in a loop if not enough randomness.
e Works best when solutions are dense (lots of valid solutions exist).

e Not guaranteed to find a solution if problem is very constrained (e.g., Sudoku with few
solutions).



