Probabilistic Reasoning




Motivation: Why Do We Need Probabilistic Reasoning?

1. Dealing with Uncertainty
Most real-world situations involve some level of uncertainty. For example:

e In medical diagnosis, a doctor might not know for sure if a patient has a disease based on symptoms alone.
e In weather prediction, various factors affect the outcome, but none of them can predict the future with 100%
certainty.

Probabilistic reasoning helps Al systems model this uncertainty by representing knowledge in terms of probabilities, rather
than absolute truths. This allows Al to make more flexible and reliable decisions.

2. Handling Incomplete or Noisy Data

Al often operates with incomplete or noisy data. Probabilistic models, like Bayesian networks or Markov models, allow Al
systems to infer the likelihood of certain events even when they don’t have full information.

e Example: In self-driving cars, sensor data might be incomplete due to bad weather or occlusions. Probabilistic
reasoning helps the car infer what’s likely happening around it, despite imperfect data.



3. Learning from Data

Probabilistic models, such as those used in machine learning, allow Al systems to learn from data. Rather than fitting a deterministic
model, probabilistic models estimate distributions of outcomes and update their beliefs as new data becomes available.

e Example: In speech recognition, probabilistic reasoning helps estimate which word was most likely spoken based on noisy
audio signals.

4. Decision Making Under Uncertainty

Al systems frequently have to make decisions where the outcomes are uncertain. Probabilistic reasoning enables Al to weigh the
likelihood of different outcomes and choose the best course of action.

e Example: In autonomous robots, probabilistic reasoning helps the robot decide whether to take a particular path, given that
it may not have full knowledge of obstacles ahead.

5. Modeling Real-World Complexities

Real-world processes are often too complex to model deterministically. Probabilistic reasoning allows Al systems to represent these
complexities by modeling random variables and their interactions. Bayesian Networks, for example, can capture relationships
between multiple factors, even when they’re uncertain.

e Example: In financial markets, probabilistic models are used to predict market movements by considering various random
variables, such as stock prices, interest rates, and economic indicators.



6. Flexibility in Updating Beliefs

Probabilistic reasoning allows Al systems to update their beliefs as new evidence comes in. Bayesian reasoning, for
example, is particularly useful for dynamically adjusting the probabilities of different outcomes as more data is observed.

e Example: In spam filtering, probabilistic reasoning helps the system improve its accuracy as more emails are
classified and new patterns are learned.

7. Robustness in Complex Systems

In multi-component systems where various parts interact in uncertain ways, probabilistic reasoning helps maintain
robustness by factoring in uncertainty about each part of the system. This is critical for building reliable Al systems that
need to function in unpredictable environments.



Examples of Uncertainty in Al

1. Medical Diagnosis

In medical Al systems, uncertainty arises because symptoms and test results do not always lead to a definitive diagnosis. For instance, a set of
symptoms could correspond to multiple diseases, and test results can have false positives or false negatives. Al systems must deal with these
uncertainties to provide probabilistic diagnoses.

) Example: An Al model predicting the likelihood of heart disease based on patient data like cholesterol levels, age, and symptoms might
give a probability (e.g., 70%) rather than a definite outcome, acknowledging uncertainty due to incomplete information.

2. Self-Driving Cars

Autonomous vehicles rely on sensors like cameras, radar, and LiDAR, but these sensors are prone to noise and incomplete information,
especially in poor weather conditions or heavy traffic. Uncertainty arises in detecting obstacles or predicting pedestrian behavior.

° Example: A self-driving car may be unsure whether an object detected by its sensors is a pedestrian or a stationary object due to fog,
rain, or other environmental factors.

3. Speech Recognition

In natural language processing and speech recognition, uncertainty arises because spoken language can be ambiguous, affected by accents,
background noise, or unclear pronunciations. Al systems must estimate the probability of different words being spoken.

° Example: A voice assistant interpreting "weather" could also hear "whether" due to phonetic similarity, especially in a noisy environment,
making the system uncertain about the correct interpretation.



4. Financial Market Predictions

In Al systems used for stock market predictions, uncertainty arises due to the complexity and unpredictability of markets. Economic
indicators, political events, and unforeseen circumstances can all affect the outcome in ways that are difficult to predict.

e Example: An Al model might predict a 60% chance that a stock will increase in value based on historical data and market
trends, but the actual outcome remains uncertain due to unexpected factors like global events.

5. Weather Forecasting

Uncertainty is inherent in weather prediction models due to the chaotic nature of weather systems and the incomplete data available
from satellites and ground stations. Al-powered weather forecasting models generate probabilities for various outcomes (e.g., 70%
chance of rain) instead of deterministic predictions.

e Example: A weather prediction system might give a 40% chance of rain based on cloud patterns, temperature, and humidity,
but it cannot be entirely certain due to changing atmospheric conditions.

6. Natural Language Processing (NLP)

In NLP, uncertainty arises due to the multiple possible meanings of words or phrases in different contexts. Language models must
make probabilistic decisions about the most likely interpretation of text based on context.

e Example: When processing the sentence "He saw her duck," an NLP model must choose between different interpretations:
whether "duck" refers to the action of ducking or the bird, leading to uncertainty in meaning.



7. Recommendation Systems

Recommendation systems, such as those used by Netflix or Amazon, operate under uncertainty because they don't have complete knowledge of user preferences.
They make probabilistic estimates of what a user might want to watch or buy based on limited historical data.

° Example: A movie recommendation system might suggest a movie with 80% confidence that the user will enjoy it, but it remains uncertain because the user's
preferences could change or the data could be incomplete.

8. Autonomous Robotics

In robotics, especially autonomous robots, uncertainty arises in navigation and object recognition tasks. Robots must make decisions based on noisy sensor data and
incomplete maps of the environment.

° Example: A delivery robot navigating through a crowded street might face uncertainty about its surroundings due to dynamic obstacles like pedestrians or
vehicles moving unpredictably.

9. Machine Translation

Al models for translating languages often face uncertainty because there are multiple ways to translate a sentence, and context, idiomatic expressions, or cultural
nuances can lead to ambiguities in meaning.

° Example: A translation system might translate the phrase "He gave me a cold shoulder" literally, but it faces uncertainty because the phrase could mean the
person was being unfriendly (idiomatic meaning).

10. Fraud Detection in Banking

In financial services, Al systems used for detecting fraud in transactions face uncertainty due to the subtle differences between normal and fraudulent behavior. The
model often produces a probability that a transaction is fraudulent rather than a binary decision.

° Example: A credit card transaction in a foreign country might trigger a fraud alert with a 60% chance of being classified as fraudulent, but the system is
uncertain because it lacks complete knowledge of the cardholder's travel plans.



Introduction to Probability Theory (Basic Concepts)

1. Random Variables

e Arandom variable represents an outcome of a probabilistic event.
o  Example: Let X represent the outcome of rolling a die. X can take on values {1,2,3,4,5,6}.
e Discrete random variables take on a countable set of values (e.g., the outcome of a dice roll), while continuous random variables
take values from a continuous range (e.g., temperature measurements).

2. Probability Distributions

e A probability distribution assigns probabilities to the possible values of a random variable.
o  For discrete variables: P(X=x) gives the probability that X takes value x.
o  For continuous variables: The probability is described by a probability density function (PDF).

Example (Discrete):

For a fair die, the probability distribution is uniform:
P(X=i)=1/6, i€ {1,2,3,4,5,6}

Example (Continuous):

For a normal (Gaussian) distribution:
fla)= e
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where p is the mean and o? is the variance.



Key Definitions in Probability Theory

1. Joint Probability Distribution: A joint probability distribution represents the probability of multiple random variables taking
specific values at the same time.

Example:

If X is the outcome of rolling a die and Y is flipping a coin, the joint probability distribution might be represented as P(X=2,Y=Heads).
2.Marginalization (Summing Over Variables): Marginalization is the process of summing over the possible values of one random
variable to get the probability distribution of another.

Example: If we know the joint distribution P(X,Y), we can marginalize Y to get the distribution for X:

P(X) =Y P(X,Y =y)

Yy

This allows us to focus on one variable by ignoring the others.




3.Conditional Probability: Conditional probability is the probability of one event happening given that another event
has occurred.

P(ANB)

P(AIB) = 55

This tells us the likelihood of event A occurring, knowing that B is true.

Example: If we know a person is coughing, the probability they have a cold could be computed as
P(Cold|Cough).

4.Independence: Two events A and B are independent if the occurrence of one does not affect the

probability of the other:
P(ANB) = P(A)P(B)

Example: Rolling two dice independently. The outcome of one die doesn't affect the other.



Bayesian Networks




What is a Bayesian Network (BN)

A Bayesian Network is a graphical model that represents the probabilistic relationships between a set of variables using
a Directed Acyclic Graph (DAG). It is used to represent joint probability distributions in a way that captures
conditional dependencies among variables efficiently.

Key Components:

e Nodes: Each node in the graph represents a random variable. For example, in a medical diagnosis context, a
node could represent the presence of a disease or a symptom.

e Edges: Directed edges between nodes represent conditional dependencies between the variables. If there is a
directed edge from node X to node Y, then Y is conditionally dependent on X.

Formal Definition: A Bayesian Network is a probabilistic graphical model that represents a set of random variables X,

X,, ..., X_and their conditional dependencies via a directed acyclic graph (DAG).

Example:
Consider a simple Bayesian Network for a medical diagnosis scenario:

e D represents a disease.
e S represents symptoms caused by the disease.

In this case, there could be a directed edge from D to S, indicating that the presence of the disease influences the
likelihood of the symptom.



Structure of a Bayesian Network: Directed Acyclic Graph (DAG)

A Bayesian Network is structured as a Directed Acyclic Graph (DAG), which has the following properties:

e Directed: Each edge has a direction, indicating a cause-and-effect relationship (e.g., X—Y means X influences Y).
e Acyclic: The graph has no cycles, meaning you cannot start from one node and follow a series of directed edges
back to the same node. This ensures that the model represents a valid causal structure.

Conditional Independence:

In a Bayesian Network, each node is conditionally independent of its non-descendants given its parents. This allows for a
compact representation of the joint probability distribution.

Example:
Consider a simple medical diagnosis Bayesian Network:

e D (Disease) causes symptoms S1 (Symptom 1) and S2 (Symptom 2).
e The DAG structure is:

D—S1
D—S2

e This structure implies that S1 and S2 are conditionally independent given D, i.e., knowing whether a patient has S1
provides no additional information about S2 if we already know whether the patient has the disease.



Semantics of Bayesian Networks

The semantics of a Bayesian Network lies in its ability to factorize the joint probability distribution of
the random variables based on the structure of the DAG.

Joint Probability Distribution Factorization:

In a Bayesian Network, the joint probability distribution of a set of random variables X,, X,, ..., X_can be
factorized as:

n

P(Xy, Xy, ..., X,) = | | P(Xi|[Parents(X;))
i=1

o X, is arandom variable.

° Parents(X,-) represents the set of variables that are the direct causes of X; (i.e., the parent
nodes of X; in the DAG).

» Each term in this product represents the conditional probability of X; given its parents.




Explanation:

e The joint probability distribution of the entire system can be represented as a product of local conditional distributions.
e This factorization significantly reduces the complexity of representing the joint distribution, as each variable only depends on
a subset of other variables (its parents) rather than the entire system.
Example: Factorization in a Medical Diagnosis Network
Suppose we have the following Bayesian Network for a diagnosis problem:
e D (Disease) can cause:
o S1(Symptom 1)
o S2 (Symptom 2)
e The structure is:
D—S1
D—-S2
e The joint probability distribution of this system is: P(D,51,S2) = P(D)-P(S1|D)-P(S2|D)
Here, the joint probability distribution is factored into three terms:
1. P(D): The prior probability of having the disease.
2. P(S1|D): The conditional probability of having symptom S1 given the disease.
3. P(S2|D): The conditional probability of having symptom S2 given the disease.

By representing the joint probability in this way, we reduce the complexity from computing the full joint distribution of all variables to
computing simpler local conditional probabilities.



Factorization Reduces Complexity

Without factorization, the full joint probability distribution of n binary random variables would require 2" parameters. For large networks, this
becomes infeasible.

In a Bayesian Network, the factorization based on the conditional dependencies between variables allows us to reduce the number of
parameters significantly. Instead of needing to store all 2" probabilities, we only need to store the conditional probabilities for each variable
given its parents.
The number of parameters grows linearly with the number of edges in the network, rather than exponentially with the number of variables.
Example: Medical Diagnosis Network
Consider a medical diagnosis scenario with three variables: D: Disease; S: Symptom; T: Test result
In a full joint probability model, we would need to store 2° = 8 probabilities. In a Bayesian network, where we assume that:

e SdependsonD (i.e., P(S|D))

e TdependsonD (i.e., P(T|D))

e Disindependent

This factorization would only require us to store:

e P(D)
e P(SID)
e P(T|D)

This requires far fewer probabilities than the full joint distribution.
s



Inference in Bayesian Networks: Types of Inference

1. Diagnostic Inference:

e Whatis it?
Diagnostic inference is reasoning from effects (symptoms) to causes.
o  We aim to compute the probability of a cause given that we have observed an effect.

P(Cause|Effect)

e Example:

In a medical diagnosis, suppose we want to compute the probability that a patient has a disease (cause) given that
they exhibit certain symptoms (effect). This would involve computing P(Disease|Symptoms).
Mathematical Formulation:

P(S|D)P(D)
P(S)

Here, we use Bayes’ theorem to invert the relationship, moving from effect to cause.

P(D|S) =



2. Predictive Inference:

e Whatisit?
Predictive inference is reasoning from causes to effects. This is the most intuitive type of reasoning where we compute the
probability of an effect given some known causes. P(Effect|Cause)

Example: For predicting symptoms based on a disease, we want to compute P(Symptoms|Disease). Given the disease
(cause), we can predict the likelihood of observing certain symptoms.

3. Intercausal Inference:

e Whatisit?
Intercausal inference involves reasoning about the interaction between different causes of a single effect. When two
causes affect the same effect, observing one cause can influence our belief about the other.

Example: Consider two causes, D1 (Disease 1) and D2 (Disease 2), both of which can lead to the same symptom S (Fever).

If we know that the symptom S has occurred, the likelihood of each disease changes, but observing one disease might reduce
the likelihood of the other, since both diseases explain the same symptom.

4. Combined Inference:

e Whatisit?
Combined inference refers to a combination of diagnostic, predictive, and intercausal reasoning. This is often required in
complex networks where both causes and effects are present, and we must reason both ways.

Example: Suppose we observe a symptom (effect) and know something about the patient's risk factors (cause). We would
combine both predictive and diagnostic inference to reason about the probabilities of various diseases.



Types of Variables

1. Query Variables

Query variables are the variables for which we want to infer or compute the probability distribution, given other information. These
variables are the target of the inference. In many cases, the goal of probabilistic reasoning is to find the probability of the query
variable, conditioned on the observed data.

e Example: In a medical diagnosis system, if we are trying to diagnose whether a patient has a disease based on symptoms, the
disease status (e.g., "Has Disease") is the query variable.

P(Query | Evidence) = P(Disease | Symptoms)

This is the probability we aim to calculate.



2. Hidden (Latent) Variables

Hidden variables (also called latent variables) are variables that are not directly observed, but they influence the system or process
being modeled. These variables are often important because they represent underlying causes or factors that affect the observed data,
but we do not have direct access to their values.

e Example: In speech recognition, the actual phonemes (units of sound) spoken by a person may be considered hidden
variables because they are not directly observable, but they affect the acoustic signals (which are observable). The goal is
often to infer the hidden variables based on the observed data.

In probabilistic models like Hidden Markov Models (HMMs), the hidden states represent the underlying phenomena that explain the

observed sequence of data. For instance, in weather modeling, the true state of the weather (e.g., "Sunny", "Rainy") might be hidden,
but the observations (e.g., cloud cover, temperature) are visible.

3. Observed Variables

Observed variables (also known as evidence variables) are variables for which we have data or direct measurements. These are the
variables whose values are known and provided as part of the input to the model. The observed variables serve as the evidence that
helps infer the values of hidden or query variables.

e Example: In a medical diagnosis scenario, if a doctor has recorded a patient's symptoms, those symptoms are the observed
variables. The presence of symptoms like fever, cough, or fatigue is known and can be used to infer the probability of a disease
(query variable).
P(Query | Observed)=P(Disease | Fever,Cough)

Here, "fever" and "cough" are observed variables that serve as evidence for predicting the disease.



Exact Inference in Bayesian Networks

Understanding "Inference"

Inference means making a conclusion based on some given information. In the context of probability and Al, inference often involves
determining the likelihood of something happening given some known facts.

e Example: Suppose you want to know the chance of it raining tomorrow based on today's weather and some other factors (like
temperature, wind, etc.). Inference helps you answer this question using the information you have.

What Makes It "Exact"?

Exact inference means that we are calculating the precise probability of an event happening, without any approximation or shortcuts.
We go through all possible factors and combinations that could affect the outcome, making sure every possibility is considered.

e Example: If you want to calculate the exact probability of it raining, you would consider every possible interaction between
temperature, humidity, wind, cloud patterns, and other relevant factors, ensuring nothing is ignored.



Algorithms for Exact Inference in Bayesian Networks

1. Variable Elimination Algorithm: Variable elimination is one of the most efficient ways to perform exact inference in
Bayesian Networks.

Goal: Compute the marginal probability of a query variable given some evidence, by systematically eliminating non-relevant
variables.

Procedure:

1. Input: A Bayesian Network, a query variable X, evidence E, and hidden variables H.
2. Step-by-Step Process:
o Factor Representation: First, represent the joint distribution as a product of factors (conditional probability tables
for each node).
o Eliminate Variables:
m Choose one hidden variable at a time (a variable not in the query or evidence).
m  Marginalize it out by summing over all possible values it can take.
m  Multiply the resulting factors.
o Repeat: Continue eliminating hidden variables until you're left with the query variable and evidence.
o Normalize: Ensure the resulting distribution is a valid probability distribution (i.e., sums to 1).

Example: Suppose we have a network with nodes A—B—C, and we want to compute P(A | C). The variable elimination steps
would involve eliminating B by summing over all possible values of B and combining the factors to compute P(A | C).

Complexity: The time complexity of variable elimination depends on the size of the factors created during marginalization. In

networks with many interconnected variables, factor size can grow exponentially with the number of variables.
s



2. Enumeration Algorithm

Enumeration is a brute-force method for exact inference. It computes the posterior probability by summing over
all possible combinations of values for the hidden variables.

Procedure:

1. Full Joint Distribution: Write down the full joint distribution.

2.  Sum Over Hidden Variables: Sum out the hidden variables that are not part of the query.

3. Compute the Marginal Probability: Use the resulting expression to compute the posterior probability of
the query variable given the evidence.

Example: If we want to compute P(Disease | Symptoms), we would enumerate over all possible configurations of
the network and sum over the joint probabilities of variables not relevant to the query.

Complexity:

e This method is inefficient for large networks since it involves summing over all possible combinations of the
hidden variables, leading to exponential time complexity.



Approximate Inference

Approximate inference is a method used to estimate the probability of an event or outcome when it is too difficult or
time-consuming to calculate the exact probability. Think of it as making an educated guess by taking shortcuts that still provide a
good, although not perfect, result.

Sometimes, calculating the exact probability (or performing exact inference) can be too complex, especially when dealing with a
large number of variables. Imagine trying to predict the weather: you'd need to consider tons of factors like temperature, wind
speed, humidity, and more. To compute all these factors exactly is like solving a massive puzzle—doing it perfectly takes a long
time.

Instead of going through every possibility (which could take forever), approximate inference gives you a good-enough solution
quickly by skipping some details or making smart approximations.

Example: Suppose you are cooking and need to measure out 1 cup of flour, but you don't have a measuring cup. You might use
a regular cup you think is close enough. This is approximate but still gives you a pretty good result.

In approximate inference, we do something similar. Instead of solving the exact problem, we use efficient techniques to get an

answer that’s "close enough" for practical purposes.

There are various techniques to perform approximate inference, and they all aim to simplify the problem:

e Sampling Methods: Instead of calculating all possible outcomes, we sample a subset and estimate the probabilities from
these samples. It’s like flipping a coin a few times to guess the overall probability rather than flipping it millions of times.

e Variational Inference: This technique simplifies a complex probability distribution by approximating it with a simpler one,
making it easier to work with.

Both methods give up some precision in exchange for speed and feasibility when dealing with complex problems.



Methods for Approximate Inference

Exact inference is often computationally intractable in large Bayesian Networks, so we resort to approximate
inference methods. These methods provide approximate solutions that are much faster, especially for large-scale
problems.

e Large Datasets: When there are too many variables or data points to calculate exactly.
e Real-Time Systems: In situations like self-driving cars, decisions need to be made quickly. Approximate inference allows the
system to make reasonably good decisions in real time.

1. Monte Carlo Methods

Monte Carlo methods are sampling-based techniques for approximate inference. They generate samples from
the network's joint probability distribution and use these samples to estimate the desired probabilities.

2. Gibbs Sampling

Gibbs Sampling is a type of Markov Chain Monte Carlo (MCMC) method. It is particularly useful in Bayesian
Networks because it allows sampling from the conditional distribution of one variable while keeping the others
fixed.

Procedure:

1. Initialize: Start with an arbitrary initial assignment to all variables.
e



2. Sampling: For each variable Xi, sample from the distribution P(X|Rest), which is the conditional distribution of
X. given the current assignments of all other variables.

3. Repeat: Iterate this process, updating one variable at a time, to generate a sequence of samples.

4. Approximate the Posterior: After a sufficient number of iterations (after the process reaches its stationary
distribution), use the generated samples to estimate the posterior probabilities.

Example: For a Bayesian Network representing a medical diagnosis, we might sample the likelihood of diseases
and symptoms based on initial estimates and use Gibbs sampling to converge to an approximation of the true
distribution.

3. Markov Chain Monte Carlo (MCMC)

MCMC methods are a broader class of algorithms that generate a Markov Chain to sample from the posterior
distribution. The goal is to construct a chain that converges to the desired distribution after many iterations.

e Metropolis-Hastings Algorithm is a common MCMC method.
e Advantage of MCMC: It works well in cases where exact inference is intractable due to the high
dimensionality of the network.



Learning the Structure of Bayesian Networks

The structure of a Bayesian Network (BN) is a Directed Acyclic Graph (DAG), where:

e Nodes represent random variables.
e Edges represent conditional dependencies between the variables.

There are two primary approaches for learning the structure from data:

e Constraint-based approaches
e Score-based approaches



Constraint-based Approaches

In constraint-based approaches, statistical tests are used to identify dependencies and independencies among the variables. This information is then used to infer the
structure of the network.

Steps in Constraint-based Approaches:

1. Identify Dependencies: Using statistical tests (e.g., Chi-square test or Mutual Information test), identify which pairs of variables are conditionally dependent or
independent.
2. Build a Skeleton: Construct an undirected graph by adding edges between variables that are found to be conditionally dependent.

3. Direct the Edges: Using additional conditional independence tests or heuristic rules, direct the edges to form a DAG. The goal is to ensure the structure aligns
with the dependencies observed in the data.
4. Remove Cycles: Ensure the graph remains acyclic by adjusting edges as necessary.

Example: Let’'s say we have three variables: Disease D, Symptom S, and Age A.

e A constraint-based algorithm may use statistical tests to discover that D and S are conditionally dependent, while D and A are
conditionally independent.
e  The algorithm would retain the edge D—S, but remove any edge between D and A.

Mathematical Formulation: For any two variables X and Y, the statistical test checks:
H, 1 P(X,Y[Z) = P(X|Z) P(Y|Z)
Where Z is a set of conditioning variables.
° Advantages of Constraint-based Approaches:
o They are effective when we have prior knowledge about the conditional independence properties of the data.
o These approaches are often easier to interpret because they are based on specific independence tests.
° Disadvantages of Constraint-based Approaches:

o They can be sensitive to statistical errors in the tests, especially in cases of limited data.
o They may produce incorrect dependencies if the statistical tests are not accurate or if the sample size is too small.



In score-based approaches, different possible network structures are evaluated by a scoring function that quantifies how well a
given structure fits the data. The structure with the best score is selected.

Steps in Score-based Approaches:

1. Define a Scoring Function: Common scoring functions include Bayesian Information Criterion (BIC), Akaike Information
Criterion (AIC), and Bayesian scoring (e.g., using marginal likelihood). These functions trade off model fit and model

complexity.

2. Search for the Best Structure: Since evaluating all possible structures is computationally infeasible, a search algorithm (like
hill climbing, simulated annealing, or genetic algorithms) is used to explore the space of possible network structures.

3. Choose the Optimal Structure: The network structure with the highest score is chosen as the final model.

Advantages of Score-based Approaches:

a. They are more flexible and can find optimal or near-optimal structures even when the data is complex or noisy.
b. These methods are well-suited for large datasets where exhaustive constraint-based testing would be impractical.

Disadvantages of Score-based Approaches:

c. They are computationally intensive, especially for large numbers of variables, due to the vast number of possible

structures.
d. These approaches may overfit if the scoring function does not appropriately penalize complex models.



Bayesian Information Criterion (BIC): Balances the likelihood of the model fitting the data with the complexity of the
model.

klog N
BIC = log P(Data|Model) — ~—2

Where:
o NN is the number of data points.
o k is the number of parameters in the model.

o Akaike Information Criterion (AIC): A simpler scoring metric that also balances model fit
and complexity.

AIC = 2k — 2log P(Data|Model)



Learning the Parameters of Bayesian Networks

Once the structure of the network is known, we need to learn the parameters, i.e., the Conditional Probability Tables
(CPTs) for each node given its parents. There are two main approaches:

Maximum Likelihood Estimation (MLE)
Goal: Use the data to estimate the conditional probabilities for each variable given its parents.
e Key Idea: Given a known structure, estimate the parameters (CPTs) by maximizing the likelihood of the data.

Mathematical Formulation: For a given structure, the likelihood of the data D given the model parameters 0 is:
P(D|6) = HP (z:|0)

Where:
o N is the number of data points.

. P(:I:z-|0) is the probability of the z-th data point given the model parameters.

The goal is to find the parameter values € that maximize this likelihood.



2. Bayesian Estimation
Goal: Incorporate prior knowledge into the parameter estimation process by using a Bayesian approach.

e Key Idea: Instead of finding a single best estimate for the parameters (as in MLE), we compute a posterior
distribution over the parameters using Bayes' theorem.

Mathematical Formulation: The posterior distribution over the parameters 6 is given by:

P(D|6)P(9)

P(OID) = = py

Where:
« P(0) is the prior distribution over the parameters.
« P(D)|0) is the likelihood of the data given the parameters.

« P(D) is the marginal likelihood of the data.



Real-World Applications of Bayesian Networks

Medical Diagnosis:

e Application: Systems like Mycin used Bayesian methods to diagnose bacterial infections based on symptoms and
test results.
e Benefit: Provides personalized diagnosis and treatment plans, even with noisy or incomplete patient data.

Autonomous Driving:

e Application: Bayesian Networks help autonomous cars make real-time decisions based on noisy and uncertain
sensor data.
e Benefit: Enables robust decision-making in complex driving environments with multiple sources of uncertainty.

Natural Language Processing (NLP):

e Application: Bayesian Networks model language structure, helping with tasks like speech recognition and text
disambiguation.
e Benefit: Handles linguistic ambiguity and provides more accurate language models in NLP tasks.

Fault Diagnosis in Systems:

e Application: Detecting faults in systems like aircraft engines or industrial machinery.

e Benefit: Early detection of potential failures through probabilistic reasoning, allowing for preventive maintenance.
s



Knowledge, Reasoning and
Planning




What is Logic?

Logic is a branch of philosophy and mathematics that deals with formal reasoning, which is the process of drawing valid conclusions
based on a set of premises or conditions. It's a systematic way to evaluate arguments and statements for correctness or validity.

The Basics of Formal Reasoning:

Premises: Statements or facts that are assumed to be true.

Conclusions: Statements that logically follow from the premises.

Arguments: A sequence of statements composed of premises and a conclusion.
Inference: The process of deriving logical conclusions from given premises.
Consistency: A set of statements is consistent if they can all be true simultaneously.

Formal Reasoning uses rules and patterns to make conclusions predictable and verifiable. It eliminates ambiguity by focusing on clear
relationships between statements.

Types of Reasoning:

1.  Deductive Reasoning: Starts with a general statement and moves to a specific conclusion. For example, if "All humans are
mortal" and "Socrates is a human," then "Socrates is mortal."

2. Inductive Reasoning: Begins with specific observations and moves to a general conclusion. For example, if "The sun has risen
every day in recorded history," we might conclude that "The sun will rise tomorrow."

3. Abductive Reasoning: Involves finding the most likely explanation for observations. For example, if "The ground is wet," then a
reasonable explanation might be "It rained recently."



Importance of Logic in Al

In Artificial Intelligence, logic provides a formal framework for representing knowledge and reasoning, which enables
machines to perform tasks that require decision-making and problem-solving.

Key Roles of Logic in Al:

1.

Decision-Making: Logic helps Al systems make decisions by evaluating conditions and applying rules to derive
conclusions.
o Example: Autonomous vehicles use logical rules to decide when to stop or accelerate based on sensor inputs
(e.g., if there's an obstacle in front, then brake).
Knowledge Representation: Al systems need to represent knowledge in a structured format. Logic allows Al to
express knowledge precisely and perform reasoning over it.
o Example: In medical diagnosis, Al can use logic to determine diseases based on symptoms (e.g., if a patient
has a high fever and a sore throat, then it could indicate the flu).
Automated Reasoning: Al leverages formal logic to automatically derive new information from known facts. It
supports systems like expert systems to simulate human decision-making.
o Example: Al-based legal systems use logical rules to assess compliance with regulations.
Database Queries: Logic is fundamental in databases, where it is used to retrieve information based on specified
conditions.
o Example: In SQL (Structured Query Language), logical operators are used to filter data (e.g., SELECT *
FROM students WHERE age > 18 AND city = 'New York').



Knowledge Representation and Reasoning

e Intelligent agents should have capacity for:
o Perceiving, that is, acquiring information from environment,
o Knowledge Representation, that is, representing its understanding of the world,
o Reasoning, that is, inferring the implications of what it knows and of the choices it has, and
o Acting, that is, choosing what it want to do and carry it out.
e Representation of knowledge and the reasoning process are central to the entire field of artificial
intelligence.
The primary component of a knowledge-based agent is its knowledge-base.
A knowledge-base is a set of sentences. Each sentence is expressed in a language called the knowledge
representation language.
e Sentences represent some assertions about the world.
o  There must be mechanisms to derive new sentences from old ones.
o This process is known as inferencing or reasoning.
o Inference must obey the primary requirement that the new sentences should follow logically from the
previous ones.



Rules of Inference

Rules of inference in propositional logic are logical tools that allow us to draw valid conclusions from a set
of premises. They are essential for constructing formal proofs and for reasoning about propositions

systematically.

1. Modus Ponens (Direct Inference)
e Rule: If P — @ and P are both true, then we can conclude Q.
e Form:
P—-Q@, P +F Q
 Explanation: This rule states that if P implies , and P is true, then (Q must also be true.
o Example:
» Premises: “If it rains, the ground will be wet” (P — @) and "It rains” (P).

 Conclusion: “The ground is wet” (Q).



2. Modus Tollens (Contrapositive Inference)

Rule: If P — @ and —(Q) are both true, then we can conclude = P.

Form:

P-Q -Q + -P

Explanation: This rule states that if P implies @), and @ is false, then P must also be false.

Example:

 Premises: “If it rains, the ground will be wet” (P — @) and “The ground is not wet" (—Q
).

« Conclusion: “It did not rain” (—P).



3. Hypothetical Syllogism (Chain Reasoning)
e Rule: If P — @ and @ — R are true, then P — R must also be true.

e Form:

P-»Q, Q—-R + P—->R

 Explanation: This rule allows chaining implications together. If P implies () and @) implies R,
then P implies R.

e Example:

« Premises: “If it rains, the ground will be wet” (P — @) and “If the ground is wet, the
plants will grow” (Q — R).

« Conclusion: “If it rains, the plants will grow” (P — R).



4. Disjunctive Syllogism
e Rule:If PV Q (i.e., PorQ)is true and —P is true, then ) must be true.

¢ Form:

PvQ, P + Q

 Explanation: This rule states that if we know one of P or @ is true, and P is false, then @)
must be true.

o« Example:

o Premises: “It is either raining or snowing” (P V Q) and “It is not raining” (—P).

 Conclusion: “It is snowing” (Q).



5. Addition (Disjunction Introduction)
o Rule: If Pis true, then P V Q is also true (for any Q).

e Form:

P - PVQ

» Explanation: This rule states that if we know P is true, we can add any other statement () to
it in a disjunction, making P V @ true regardless of Q)'s truth value.

e Example:
e Premise: "It is raining” (P).

 Conclusion: “It is either raining or the sun is shining” (P V Q).



6. Simplification (And Elimination)

Rule: If P A Q is true, then both P and () are individually true.

Form:
PR E P
PAQ F @
Explanation: This rule states that if both P and () are true, we can infer either P or )
individually.
Example:

« Premise: “It is raining and the ground is wet” (P A Q).

« Conclusion: “It is raining” (P) or “The ground is wet” (Q).



7. Conjunction (And Introduction)

Rule: If P and @ are both true individually, then P A Q) is true.

Form:

P; @ FE PAQD

Explanation: This rule allows us to combine two true statements into a single conjunctive

statement.

Example:

» Premises: “Itis raining” (P) and “The ground is wet” (Q)).

» Conclusion: “It is raining and the ground is wet” (P A Q).



8. Resolution
 Rule: If we have P V Q and =P V R, then we can conclude @ V R.

e Form:

PvQ, -PVR F QVR

o Explanation: Resolution is a rule often used in automated theorem proving, where two

disjunctions can be combined by eliminating a complementary pair (e.g., P and —P).

o Example:

« Premises: “It is raining or it is sunny” (P V @) and "It is not raining or it is cloudy” (- P V

Rj.

« Conclusion: “It is sunny or it is cloudy” (Q V R).



9. Double Negation Elimination
e Rule: If =P is true, then P is true.

e Form:

-——~P + P

« Explanation: This rule states that a double negation cancels itself out. If it is not true that P is

false, then P must be true.
o Example:
» Premise: "It is not the case that it is not raining” (——P).

e Conclusion: "It is raining” (P).



10. Contradiction (Reductio ad Absurdum)

e Rule: If assuming P leads to a contradiction, then P must be true.

e Form:

- P — contradiction + P

o Explanation: This rule is often used in proofs by contradiction. If we assume the opposite of
what we want to prove and reach a contradiction, then the assumption must be false, so the

proposition itself must be true.

e Example:

e Suppose we assume “It is not raining” (—P) and derive a contradiction (e.g., we see wet

ground only caused by rain).

e Conclusion: "It is raining” (P).



1

. Biconditional Introduction
Rule: If P — @ and Q — P are both true, then P <> Q) is true.

Form:

P—-Q@, Q—-P + P&Q

Explanation: This rule states that if P and () imply each other, then they are equivalent (true
under the same conditions).

Example:

» Premises: “If it is raining, the ground is wet” (P — @) and “If the ground is wet, it is
raining” (Q — P).

 Conclusion: “It is raining if and only if the ground is wet” (P <> Q).



12. Biconditional Elimination

e Rule: If P < @ is true, then both P — () and ) — P are true.

e Form:

P~@ + P—>Q@ and Q— P

o Explanation: This rule allows us to break down a biconditional statement into two

implications.

e Example:

« Premise: “It is raining if and only if the ground is wet” (P <> Q).

« Conclusion: “If it is raining, the ground is wet” (P — @) and “If the ground is wet, it is
raining” (QQ — P).



Using Inference Rules to Prove a Query/Goal

Problem Statement
Given the following premises:
1. P — Q (If it rains, the ground will be wet.)
2. Q — R (If the ground is wet, the plants will grow.)

3. P (ltrains.)

We want to prove the conclusion (goal):

e Goal: R (The plants will grow.)

Proof

To prove R from the premises, we'll apply rules of inference step-by-step.



1. Premise1: P — Q)
o We are given this as a premise.
2. Premise2: ) — R

e This is also given as a premise.
3. Premise 3: P

e This is given as a premise.

4. Apply Modus Ponens to Premise 1 and Premise 3:
» Rule: Modus Ponens says that if P — () and P are true, then () must be true.
e Application:

o From Premise 1 (P — @) and Premise 3 (P), we can infer Q.

« Conclusion: Q



5. Apply Modus Ponens to Premise 2 and Q):

* Rule: Modus Ponens says that if ) — R and @ are true, then R must be true.

e Application:

o From Premise 2 ((Q — R) and the conclusion from Step 4 (Q), we can infer R.

e Conclusion: R

Final Result

We have derived R using Modus Ponens twice, which completes the proof. Therefore:

P, P—-Q, Q—-R F+ R

This completes the proof, as we've shown that R logically follows from the premises.



Example 2

Premises:
1. P — Q (If it rains, the ground will be wet).
2. (Q — R (If the ground is wet, the plants will grow).
3. S — P (If itis cloudy, it will rain).

4. S (ltis cloudy).

Goal: Prove R (The plants will grow).




1. Premise: P — Q).
2. Premise: Q — R.
3. Premise: S — P.
4. Premise: S.
5. Apply Modus Ponens to (3) and (4):
e Since S — P (Premise 3) and S (Premise 4) are true, we can conclude P (It will rain).

e Conclusion: P.

6. Apply Modus Ponens to (1) and (5):

» Now that we have P — @) (Premise 1) and P (from Step 5), we can conclude @) (The
ground will be wet).

« Conclusion: ).
7. Apply Modus Ponens to (2) and (6):

« Since Q — R (Premise 2) and ) (from Step 6) are true, we can conclude R (The plants
will grow).

e Conclusion: R.



Example 3

Premises:
1. A — (B A Q) (ifitis sunny, then it is warm and bright).
2. B — D (If it is warm, then we can go outside).
3. C — FE (If itis bright, then we can read a book).

4. A (Itis sunny).

Goal: Prove D A E (We can go outside and read a book).



1. Premise: A — (B A C).
2. Premise: B — D.
Premise: C — FE.

Premise: A.

U S

Apply Modus Ponens to (1) and (4):

» Since A — (B A C) (Premise 1) and A (Premise 4) are true, we can conclude B A C (It
is warm and bright).

e Conclusion: BAC.

6. Apply Conjunction Elimination to (5):
e From B A C, we can separately conclude:
e B (ltis warm).
o (C (itis bright).
7. Apply Modus Ponens to (2) and B (from Step 6):

e Since B — D (Premise 2) and B (Step 6) are true, we can conclude D (We can go
outside).

e Conclusion: D.



8. Apply Modus Ponens to (3) and C (from Step 6):

o Since C — FE (Premise 3) and C' (Step 6) are true, we can conclude E (We can read a
book).

e Conclusion: F.
9. Apply Conjunction Introduction to (7) and (8):

» Since we have both D (We can go outside) and £ (We can read a book), we can combine
them to conclude D A E.

e Conclusion: D A\ E.

By applying Modus Ponens, Conjunction Elimination, and Conjunction Introduction, we have
derived D A FE from the given premises. Thus:

A— (BANC), B—-D, C—E, A-DAE

Conclusion: D A E is proven.



Example 4

Given a scenario where MYCIN uses propositional logic to assist in diagnosing bacterial infections,
we have the following setup:

Symbols:
e P: The patient has a high fever.

o (Q: The culture test is positive.
e R: The patient likely has a bacterial infection.

e S: Antibiotic treatment is recommended.



Rules:

1. P A @Q — R:If the patient has a high fever (P) and the culture test is positive (@), then the
patient likely has a bacterial infection (R).

2. R — S:If the patient has a bacterial infection (R), then antibiotic treatment is recommended

(S).

Known Facts:
o P: The patient has a high fever.

e (@: The culture test is positive.

Goal:

e Prove S: Antibiotic treatment is recommended.



Proof

Step 1: Identify Known Facts and Rules
We have:
o Facts: P and Q.
e Rules:
« PNQ—R
« R—>S

Step 2: Apply Conjunction Introduction to Combine P and )
Since we know:
o P (patient has a high fever)

@ (culture test is positive)

We can use the Conjunction Introduction rule to combine them:

PAQ



Step 3: Apply Modus Ponenson PA @ — Rand P A\ QQ

Now that we have P A (Q as a fact and the rule P A Q — R, we can use Modus Ponens to infer
R:

PANQ—R, PANQFR

Conclusion: R (the patient has a bacterial infection) is deduced.

Step 4: Apply Modus Ponenson R — S and R

Now that we have R (the patient has a bacterial infection) and the rule R — S, we can apply
Modus Ponens again to deduce S:

R—+S, RFS

Conclusion: S (antibiotic treatment is recommended).



Example 5

Scenario: An automated loan approval system determines whether a loan should be approved
based on credit score and employment status.

Symbols:
« @G: Applicant has a good credit score.
o FE: Applicant is employed.
« A: Applicant is eligible for a loan.

e L:Loanis approved.



Rules:

1. G A E — A:|f the applicant has a good credit score and is employed, they are eligible for a
loan.

2. A — L: If the applicant is eligible for a loan, then the loan is approved.

Known Facts:
» G: Applicant has a good credit score.

o FE: Applicant is employed.

Goal:

e Prove L: Loan is approved.



Proof

1. Conjunction Introduction: Since we know G and E, we can combine them:
GANE

2. Modus Ponenson G A E — Aand G A E: Usingtherule G A E — A and the fact G A
FE, we conclude A:

3. Modus Ponens on A — L and A: With the rule A — L and the fact A, we conclude L:

L

Conclusion: L (loan is approved) is proven.



Inference vs. Entailment

Inference

Definition: Inference is the process of deriving a conclusion
from a set of premises or known information using specific
rules of reasoning.
Process-Oriented: Inference focuses on how we derive a
conclusion from given premises. It involves a step-by-step
application of logical rules, such as Modus Ponens, Disjunctive
Syllogism, or Hypothetical Syllogism, to arrive at a conclusion.
Example: Suppose we have the premises:

o  P—Q (Ifit rains, the ground will be wet).

o P (ltis raining).
Using Modus Ponens (a rule of inference), we can infer that:

o  Q(The ground is wet).
Subjective to Context: The inference depends on the logical
rules we apply. Different rules of inference may lead to
different conclusions, or no conclusion at all, based on the
premises provided.

Entailment

Definition: Entailment is a logical relationship between
statements where one statement (or a set of statements)
necessarily implies the truth of another statement. If A entails
B, then B must be true whenever A is true, independent of the
specific reasoning process.
Truth-Oriented: Entailment is not concerned with the
reasoning steps or rules but with the logical truth relationship
between statements. If A = B, then B is a logical consequence
of A, meaning that in all situations where A is true, B is also
true.
Example: If we have the statements:

o  PAQ/(ltis raining and the ground is wet),
Then this entails both:

o P (ltis raining) and Q (The ground is wet),
because the truth of P A Q logically implies the truth of P and Q
independently.
Objective and Unchanging: Entailment is an absolute logical
relationship, not dependent on specific inference rules or
methods. If a set of premises entails a conclusion, this is
universally true regardless of how the inference is performed.



Example to lllustrate the Difference
Suppose we have the following:
1. Premise: P — (@ (If it rains, the ground will be wet).

2. Premise: P (It is raining).

Using Inference

« By applying the rule of Modus Ponens, we infer () (The ground is wet) from the premises.

Using Entailment

« The premises entail () because, in all possible interpretations where P — () and P are true,

(2 must also be true.

Thus, entailment is about the absolute truth relationship, while inference describes the step-by-

step reasoning process to arrive at a conclusion.
S



Soundness and Completeness

Soundness and completeness are two essential properties in logic and formal systems, particularly in the context of inference
systems and proofs. They provide a framework for understanding the reliability and capability of an inference system, especially
regarding whether it can derive true conclusions and capture all possible truths within a system.

Soundness

e Definition: Soundness is a property of an inference system that guarantees that any statement derived from the system is
logically valid or true within the system's model. In other words, if a system is sound, then all the conclusions it reaches are
correct with respect to the semantics or intended interpretation.

o  Formal Definition: An inference system is sound if, whenever I - a (meaning that a can be derived from the set of
premises [ using the inference rules), it also holds that ' = a (meaning that a is a logical consequence of I in all
interpretations).

o Implication: If an inference system is sound, then every theorem or derived conclusion is true in the model or
interpretation of the logic. A sound system cannot prove anything that is false within the system's logical framework.

o Example: Suppose we are working in a sound system where we have the premises:

1.  P—-Q(Ifit rains, the ground will be wet).
2. P (ltis raining).

o  Using sound inference rules (like Modus Ponens), we can conclude Q (The ground is wet). In a sound system, this
conclusion will always be true whenever the premises are true.

e Importance of Soundness: Soundness is crucial because it ensures that our inference system does not lead us to false
conclusions. If a system is sound, we can trust that any derivation within the system corresponds to a true statement in the
model.



Completeness

e Definition: Completeness is a property of an inference system that ensures the system can derive every
statement that is logically true within its model. In other words, if a system is complete, then it is capable of
proving all true statements that are logically entailed by the premises.

o Formal Definition: An inference system is complete if, whenever I = a (meaning a is a logical
consequence of IN), it also holds that [ - a (meaning that a can be derived from I using the system’s
inference rules).

o Implication: If a system is complete, it can derive every statement that is logically entailed by the
premises, so it captures all possible truths within the system. No true statement (in terms of logical
entailment) will be left unproven.

o Example: In a complete system, if it is logically true that P AQ—Q, the system should be able to
derive this statement using its inference rules.

e Importance of Completeness: Completeness is essential because it guarantees that the inference system
is powerful enough to capture all logical truths within its framework. Without completeness, there could be
true statements that the system cannot derive, meaning it would be limited in its reasoning power.



